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I. INTRODUCTION
A. An Qverview of the Study

This dissertation reports the results of an investigation of
the process of portfolio selection under certain simplified
assumptions about the relationships among securities. It uses a
set of mothematical equations called the diagonal model (for a
reason which will be made clear later) to represent these relation-
ships. The simplicity of the diagonal model makes it possible to
develop correspondingly simple theories concerning the process of
portfolioc selection. This study develops and tests such theories in
both normative and positive applications.

The key issue in the normative application of a theory of
portfolio selection concerns the mamner in which predictions about
the future are obtained. We will distinguish two general techniques
with which predictions can be made: objJective techniques, in vhich
predictions ars based on specific data and follow a set of rules
which can be completely specified; and subjective techniques, in
which some or all of the predictlion process cannot be so specified.
This study examinee both techniques; Chapter III describes a test
of portfolio snelysis based on dbjective techniques, while Chapter
IV concerns en experiment involving subjective prediction techniques.

The positive applications of the theoretical technique
developed in the study are described in Chapter V, in which a theory

of market equilibrium is derived from the assumption that investors



feel that the important relationships among securities are those
specified by the diagonal model. The study is then briefly
summarized in Chapter VI.

The diagonal model itself is described in Chapter II, as is
the formulation of the portfolio-selection problem associated with
it. The technique of portfolio selection used in this study is
that developed by Markowitz.l Since the Markowitz technique forms
a major element of the theoretical apparatus used in the study, it
seems desireble to devote considerable attention to it at the outset.

The remainder of this chapter is devoted to this task.
B. The Markowitz Approach to Portfolio Selection

Economlc theory postulates that an individual possesses
resources which he can combine to produce any of a number of
alternative bundles of goods. Of all such possible combinations of
goods, there is a set which is efficient. An efficient combination
i5 one which has the most of one good attainable with given amounts
of all other goods. Put another wey, a combination is efficlent if
no other attainable combination contains more of at least one good

and no less of any good.

Yarry M. Markowitz, Portfolio Selection, Efficient Diversifi-
cation of Investments (New York: John Wiley and Sons, Imc., 1959).
Tor &n earlier version see his "Portfolio Selection," The Journal
of Finance, XII (Marchk, 1952), T7-91. A simple exposition of the
Technique is given in John Frederick Weston and Willian Beranek,
"Programming Investment Portfolio Construction," The Analysts'
Jourpal, XI (May, 1955), 51-55.




Economic theory also assumes that the iﬁdividnal correctly
determines those efficient combinations which he can obtain. Having
found the possibilities aveilable to him, he chooses the one which
naximizes his utility.

Merkowitz approaches the subject of portfolio selection in an
mnalogous fashion. The investor has a given amount of wealth with
which he can purchase various combinations of investment media.

The fubure weslth of the investor is directly related to the
particular combination of investment media in which he places his
present wealth. Markow;tz assumes that the investor views the
fubture in probabilistic terms. Thus, any of the attalnable
combinations has an associated probability distribution indiceting
the investor's beliefs concerning his future wealth if the
combination in question is selected.

The terms "yield" and "return" will be used throughout this
dissertation to refer to the ratio of future wealth to present
wealth., Thus the yield of a security over one year is found by
dividing (a) the price of the securlty at the end of the year plus
all dividends paid during the year by (b) the price of the security
at the beginning of the year.

For the analysis of portfolios, it is desirable to relate
probability distributions of future wealth to the present wealth
required to obtein them; probability distributions of yleld wmeet

this requirement. Markowitz suggests that such distributions be



descrived with two parameters:2 the expected yield (E}, and the
variance of yield (V).5 Expected yield is a good: larger values
give the investor greater utility. On the other hand, large amounts
of veriance are undegirable: smaller values give the investor
greater utility,

According to Markowitz, the investor should choose from among
hls attainable combinations those which are effic;ent with respect
to these two parameters. A combinatlon ls efficient if no other has
either (1) the same E and a lower V or (2) the same V and & greater
E. Having selected the set of efficient combinationa, the investor
chooses the one among them which maximizes his utility.

Probability beliefs about & combination of investment media
cen be built up from corresponding beliefs about individual invest-
ments. For ease of exposition, the term "security" will be used
for any investment -- e.g., a stock, a bond, cash, real estate,

ete. The investor is assumed to form probabillty bellefs about

each security available to him. These beliefs include not only the

gA parameter is an algebraic sgyrbol used to indicate a
qQquantity the value of which will differ among applications.

5Actual.ly, Markowitz prefers the semi-varisnce (the average
of the squared deviations below the expected value) to variance.
However, the two measures give give similsr results under certain common
circumstances., It can be shown that 1f the diagonal model portrays
the true relationships among securities, variance will be an
adequate measure if the probability distribution of the future level
of the security market is normally distributed. Since no computing
elgorlthm now exists for portfolic analysis using the semi- variance,
the study deals only with veriance asg a measure of risk.



mean and variance of the yleld of the security itself, but also its
relationship with each of the other securities. An investor could
specify the expected yield of a security, the variance of that
yield, and the covariance between its yield and that of each of the
other securities. Given these estimates, the characteristics of the
asgociated probability beliefs about any combination of securities--
or portfolio -- can be determined. Let E; be the expected yleld of
the 1th security and cid the covariance between ite yield and that
of the jtB security (Cii represents the variance of 1). Then, if

h

X

security, the mean and variance of the portfolio's yield are:

is the proportlon qf the value of a portfolio invested in the it

E=) XE
1

and V=

= (]

}; Xy X404 5-
J

An example may help to clarify the meanings of the parameters.
Assume there are two securities, the first of which is expected to
vield 10% per anmum while the second is expected to yield 15%.

Then:

E, = 1.15
Assume further that the variance of the first security is 0.09.
This implies a standard deviation of 0.3, which, in turn, implies
that there is a probebility of only 0.10 that the actual yield in

any given year will fall below 0.715 (E - 1.2820). Thus there is a



10% chance that the purchase of this security would lead to a loss
of more than 28% of the initial value. Let the variance of the

second security be 0.16 and the covariance between them 0.05:

cll = 0109

If a portfolio of $100 were invested in the two securities so that
#30 of the value were held in Security 1 with the remaining #70 in

Security 2, we woyld have:

X, = 0.3

X, = 0.7

The expected yield of the portfolic would be:

E=0.3  1.10 + 0.7 + 1.15 = 1.135

and its veriance would be:
V=03-03:+ 009+03- 07 005
+ 0.7+ 0.3 0.05+0.7:-07- 0.16
= .1075

Markowltz separsetes the process of investment cholee into
three stages. The first, securlty analysis, is the process by which
the investor obtains predictions about the future performance of
securities: the expected ylelds, variances, and covariances

dasoribed sbove. The second, portfolio analysis, is the process by



which the properties of all attainable cambinations of securities
are ascertained, and the set of efficient combinations selected.
In the third stage, portfolio selection, the investor chooses the
efficient portfolic which maximizes his utility.

Markowitz's msjor contribution to the process of investment
selection deéls with the second of these three stages. Selection
of the set of efficlent portfolios can be viewed as a series of
problems of the form: minimize V for a given Ev A portfolio is
gpecified by the amounts of each security included in it -~ in terms
of our previous notation, a veeter (X} = (Xl, Xpy o v s Xn) where
Xi is the amount of £he portfolia invested in the ith security.

Since the total amount invegted must equal one,h we require:

KR
s
As shown above, B is a linear function of [X], while V is a
quadratic function of {X]. Thus the selection of a portfolio with
minimun V for a given E requires a process which will find a value
of [X] which minimizes a quadretic function subject to two linear
5

constyraints.

l}This applies only in the "standard" case where no borrowing
is permissible. We shall use this assumption throughout the initial
chapters since it makes computation scmewhat simpler. The possi-
bility of vorrowing and lending is easily taken into account after
the portfolioc analysis is completed, as we will indicate in Chapter
V. The only activity denied by this formulation is negatlve
purchase of a particular security -- "short selling.”
N ‘
> 5%, =1endE =&
1=



The process of minimizing a quadratic function subject to
linear constraints 13 known as quadratic programming,” for which
geveral solution techniques are now available. By repeating the
process for various values of E, all efficient portfolios can be

detennined.T

6No algorithm has been developed for the associated problem
which maximizes a linear function subject to linear end quadratic
constraints. ’

In practice, the problem is solved in a slightly different
manner. See Appendix A.



II. THE DIAGONAL SECURITY MCDEL
A. Important Attributes of Securities

Discussions with security enalysts indicate that three aspects
of the future performance of a security are usually considered
explicitly. First; a security is clessified as either high-yield or
low-yield on the basis of the analyst's "best guess" concerning its
future performance. Such an estimate corresponds to the expected-
yield quantity (E) required for the portfolio-analysis problem.

The second aspect which receives attention in most security
enalyses is the risk thet the most likely return may not be
realized. BSecurities are considered more speculative, the greater
is this risk. The variance parameter required by portfolico enalysis
makes explicit this notion of risk.

The third aspect of the performance of a security which is
often considered explicitly is its relationship to the security
merket (and/or the economy) in general. Securities which rise end
fall with the market are considered more sensitive or cyclical than
those which are 1little affected by such broad movements. Thus the
risk of a security is often consid.ered +o be due to two factors:
the risk mssociated with the firm itself, and the risk of a market
(or general business) decline with an associated effect on the firm
in gquestion.

In the diagonal model these three attributes -- expected

yield, risk, and dependence on the narket -- are made explicit. The



simplicity of the model derives from the fact that these attribufes
are the only ones talken into account. Evidence presented in the
next chapter suggests that sny loss in precision due to this
simplicity is likely to be small. It is ghown below that the cost
of portfolio analysis can be greatly reduced when the diagonal
model is used. For these reasons the model appears worthy of the

detailed examination it receives in this dissertatlon.

B. The Diagonal Modell

The basglc equation of the diagonal model relates the yleld of
L
a security to its own attributes and to the performance of some

index of market activity:

(1) Yi=Ai+Bi-I+wi

where~Ai and Bi are perameters, and vy is a random variable with an
expected value of zero end a variance of Q;. The parameter (1)
represents the level of an index of some activity considered to be
of maejor importance in deterriining the yields of most securities.

In this study we use the level of the security market for this
index. A number of alternative attributes are of interest and may
be incbrporated into future work.2 Such measures can be substituted

for the market level wilthout altering the formulation of the

lThis model is one of a nmuber suggested by Markowitz; see his
Portfolio Selection, pp. 96~-101.

eA particularly interesting candidate is the general price



diagonal model presented here; on the other hand, if they are to be
incorporated in addition to the merket index, the model will have
to be expanded. Models which relate the yleld of a security to
more than one such factor will undoubtedly prove valusble; however,
in this study we will restrict our attention to the simple model in
which but one element of this type influences the yields of most
securities.

For & number of m-oblemsr it is convenient to measure (I) in
terms of deviations (either relative or sbsolute) from its expected
value. However, we will formulate the model for ttle general case
in which the expected value of (I) is non-zero, so thet any desired
measurement can be used.

Equetion (1) constitutes the basic assumption of the diagonal
model. Security analysis, in this model, involves the specification

of three parameters for each security: Ai, Bi’ and Qi. These

level of the economy. The wesalth of a firm can be showm to be
affected by the price level and the relative importance of real and
monetery assets and llabilities in its financial structure. In
particular, if (M) is the firm's net mometary creditor position
(moneta.ry assets less monetary liabilities) and (R) its net real
asset position (real assets less real liabilities), then the effect
of changes in the price level on the firm's wealth can be shown to
be proportionsl to R/(R+M). The disgonal model can be utilized to
reflect this relationship by using gﬁ(nm) as an estimate of B, for
each security, with (I) representing an index of the general price
level in the economy. For the general model of the effects of
inflation on the wealth position of a firm, see R. Kessel,
"Inflation-caused Wealth Redistribution,"” American Economic Review,
XIWI (March, 1956), 128-1k1.

A0



parameters specify the expected return, responsiveness to the
market, and risk attributes discussed in the previous section. The -
only sdditional anslysis required concerns the probable future
course of the mai'ket. The analyst must specify an expected value

and a variance for (I). Let:

A,y = the expected value of I (=I)
Qn+l = the variance of I (=VI) |

The reason for this notation will become clear later in the chapter.
The disgonsal modgl assumes that securities are unrelated

except through their common dependence on the merket; further, the

rendom elements (wi) sve not related to the level of the index (I).

Thus :

Covariance (wi,wd) =0 for all 1 and j

Covariance (wi,I) =0  for all i.

These assumptions ccmplete the informetion necessary for obtaining
the elements required by the Markowitz portfolio-analysis technique
from the parameters of the disgonal model.

The expected retwn of a security (Ei) and its variance (Vi)

are simply:

(2) B, =& + B " A
and

(3) Vo= (8% q, t



The diagonal model does not explieitly specify covariances
anong securities, but they are implied by common relationships with
(I), If a fall in the market would reduce the returns on two
securities, ceteris peribus, then their returns are correlated.

let C . pe the covarlance between Securities 1 and j. Then:

(8) 3= 8 85 %

The derivation of this relationship is showm in the footnote.3
To summarize, the diagonal model requires specifications of
three parameters for each security, and two parameters for the
level of the market in general. From these, the required inputs
for the portfolio-anelysis problem can be derived. If there are
N securities, the N expected values can be camputed according to
Eq. (2), the N variance terms computed using Eq. (3), and the
(NE-N)/ 2 covariance terms calculated according o Eq. (k). Once

these terms are derived, the portfolio analysis can proceed.

:’If z is the divergence of (I) from its expected value,
would be expected to diverge from its expected value by an amou;it
B,z. Similarly, Y, would be expected to diverge from its expected
v%.lue by an amount‘jB Z. ‘l‘he cross-product of the two divergences
is (B,z ¢« B.,2) or (B‘jB z The coverience between i and J is the
?m;l oi‘ all ﬂuch cross-'}roducts , divided by the number of occurrences
N Thus :

1)
C15°TF 2 BBZ
l 2
"BiB N EZ:z
. 15, 2_
But: % ZZJZ -VI Qn+l
Therefore C,, =B, * B, *@



C. The Associated Portfolio-Analysis Prcblem

Portfolio analysis involves repeated minimization of the
variance of a portfolio for various expected returns. In the

general cese, the variance of a portfolio of N securities is given

by:
noy
Ve l,o), XXe,
fm1 3=y 94U
while its mesen is:
E = ;: B
g 1

We have shown ebove that all the terms required for the
general ﬁomfolio-analysis can be derived from the parameteys of
the diagonal model. However, considerable effort is required to
derive (NE-N)/ 2 ecovariances and then to prepare and perfoarm the
associated quedratic programming problem. In thig section we will
develop an alternative approach which greatly reduces the effort
involved in performing portfolio analysis based on the diagonal
model.

An investor devoting hia funds to a security can be considered
to be purchasing two separate investments. First, he ascquires the
unique characteristics of the security in question. Second, he
ecguires a portion of the security market in general. This is the
case if the return on the security 1s at all connected with the
performance of the market. This relationship can be seen if we

rewrite Eq. (1). The basic formule of the model then becomes:



(5) Yi=(Ai+wi)+Bi'I

The yield of a security is determined by three factors. Ai
and w, ere unique to the security and are in no way related to the
market. The third factor is not unique to the security; it 1s
composed of two elements: Bi , the responsiveness of Yi to the
market :ELevel; and (I), the market level itself. Thus we can think
of the investor who purcheses e dollar's worth of Security i as
having invested one dollar in (Ai - wi) and one dollar in (Bi « 17,
Assume that an investor purchases two securities, i and j,
dividing the total ve.lue of his portfolio between them in the
proportions Xi and X

J
portfolic would be merely the weighted average of the ylelds of the

, where (xi + xJ) = 1., The yield on such a

two securities, with the relative amounts of the securities used

as weighta:

Y = XY, +XY.
P 174 J73

Substituting the basic equation of the disgonal model, we have:

Ip=xi(Ai+Bi-I+wi)
+ X (A, +B, * I+ w,
585 + By bt
Rearranging terms:
Yp=Xi(Ai+wi)
+ X (A, +w
J(J :})

+(xiBi + x,jB,j)I

K



This formulation shows that the purchase of two securities can be
viewed as an investment in three different media: the unique
characteristics of Security i, the unique characteristies of
Security Jj, and the influence of the market in gerzera.l. The
influence of the market on the yield of the portfolio partly depends
on the influence which the market exerts on the securities 1n the
portfolic. The effect of the market on the yield of Security i is
shown by B,; since X, of the portfolio is invested in that security,
the total influence of the market on the portfolio due to the
holdings of Security 1.is given by (xiBi). Holdings of Security J
give rise to an additional market influence of X ij on the yleld of
the portfolio.

In the case of two securities, the total "investment" in the

market is (xiBi + X JB Iet this total investment in the market

d)°
be represented by xn+l. In the general case we define this

paramster as follows:

N
(6) X .. = 5, XB
n+l 121, i1
(Xn +l) may be viewed as a weighted-average responsiveness to the

market level. (Bi) is the responsiveness of Security i to the
market. The responsiveness of a portfolioc is merely the weighted-
average responsiveness of the individual securities, where the
appropriate weights are the reletive amounts invested. Note that
this investment in the market results from investment in securities;

it is not possible to devote a portion of a portfollo directly to



X
The portfolio is divided emong the N securities () X, = 1);
i=]

X e
such a division implies & particular value for Xn £1°

We have separeted the influence of the market level on
securities from their unique characteristics. We now need to
revise our notation to account for the remaining effects on the

yield of a security.

Iet i* be the "basic security” whose yleld is given by:

Tiw = Ay vy

The mean and variance of such a security are given by:

Eyw =By

Vie =9y
By assumption, the only relationships amcng securitles arise from
their common dependence on the market. 'Basic securities” of the

type defined gbove do not depend on the market; thus their

covariances are zero. For all such securities:

C

1% 3% =0

Since we have assumed no correlation between the w parameters and
(1), the covariance between each basic security and the (n+.1)St

security -- the market index -- 1is also zero:

C 0

i%¥,n+l



o

Ve are now able to restate the portfolio-ansliysis problem in
a msnner which leeds to a considerasble reduction in effort. We have

shown that an allocetion of X, of a portfolioc to Beeurity i ¢an be

i

considered an investment of Xi in the Baslc Security 1% and an

additional investment of (xiBi) in the market. For consistency in

notation, let X, represent the investment in the Basic Security 1%,

i
Then:

X,, =X for 1 s K

Recall that the sum of such investments represents the full port-

folio, thus:

b
iy Xey=d
{=1 A"

The devotion of X, of a portfolic to SBecurity i brings about two

i
effects. The first, en investment of Xi* in the Basic Security 1¥%,

has been described; the second, en investment of (X;B,) in the

market, is included in Xm_l, the term used to summarize the entire

effect of the market on the portfolio. Again, for consistency in

notation, we define:

N

L |

Xarryn = oy KBy .

Ve have used A . to represent the expected value of (I); the

1
adventage of this notation can be seen in the following simple

formile for the expected yield of & portfollo:



(7) E = X, A

The expected yield of a portfollio is simply the expected retwrn of
each basic security weighted with its importance in the portfolio,
plus the expected merket level times the parameter which relates
the yleld of the portfolio to that level. Proof of the validity
of this formulation is given in the f‘cx:d;note.l‘L

The variance of a portfolio can be expressed in a similar
manner. Veariance arises from investments in basic securities and
from the effects of thg market in general. Since none of these
investment medie are correlated with each other, the variance-
covariance matrix for N besic securities and one (N+.'L)'54o security --

the market level -~ contains non-zero entries only along the

disgonel. It 1s this property which gives rise to the neme used to

L
Ei = Ai + Bi 'A‘n+l
X
E = ) XFE
@ty
Therefore: B = A X, (A +B * A L)
N x
= . XA, +A ,, X.B, 7
PO T B M
X
But: X 2 ) X.B
n+l {1 171
X Ngi
Therefore: E = ) XiAi +xn+1An+l= XiAi

{=1 {=1



describe the model., The general formula for the variance of a
portfolio is given by:

(m+1)* (ﬂ;})*

(8) V= X.X.C

[..; ‘__‘ a - s
i=1% ji.]_* 17571
But: cij =0 1f 1 £

And, since we have defined (Qn +1) as the varience of I:

C,;=Q 1fi=y

Thus the formula for the variance of a portfolic can be written:

W1 5
V= £, (xi) * Qi

1=}

Proof of the valldity of this formulstion is shown in the footnote.”

5 _ B 2
Ciy = V3 =8y +(B)7Q

it
cij = BB, o 1f 1 ¢
n n
vV o= 5 REE )
= gs IR
n n a4
T g (X XBBQn) *+ fo1 Ui, Sk
(7. ) b e ol
=Q ;. (X8 4, (XB,) + . (X7Q,)
n+l, | ia 10 0 Y T i
a n
But: ;, (X,B,)= , (X,B,)EX
fel 1 gm 40T i
2, B> nrl o
Therefore: V=Q'n+l(xn+l) LK =, Xy

i=1 ial



This completes our re-formulation of the portfolio-analysis
problem associated with the disgonal model. By defining a new
varieble -~ X .. -- according to Eq. (6), it is possible to
represent the mean and variance of a portfolio with relatively
simple functions of the original parameters of the model. The

advantages of these are indicated in the next section.
D. The Diagonel Model Portfolio-Analysis Code

A number of computer codes sxre now avallable for the solution
of quadratic progremming problems. One such program, the RAND
Quedratic Programmihg Code,6 was used to solve some of the portfollo
anglysis problems in this stuly. While the program is relatively
efficient, its use is rather expensive -- analysis of 100 securities
costs asbout $300 (a case involving 96 securities required 33 minutes
on an IBM 7090 camputer); morecver, no more than 253 securities can
be avalyzed with the code. Although new programs which are being

prepared specifically for the porticlic-analysis problem7 will

6The RAND code is described by Leola Cutler, Arthur E.

Speckhard, and Philip Wolfe in "The RAND Quadratic Programming Code"
(The RAND Corporation, Santa Monica, California, August, 1960)
(m:bneogra.phed). The mammer in wvhich the code is applied to the
portfolio-analysis problem is given by Neil R. Palne in "Mathematical
Programming in Portfolio Selection" (Unpublished Ph.D. dissertation,
School of Business Administration, University of Texas), pp. 92-95.

7Such a program is being written for the International Business
Mechines Corporation (letter from Robert T. Mertz, Data Systems
?;‘gi?ion, International Business Machines Corporation, May 12,
L
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undoubtedly bring lower costs and greatey capacity, portfolio
enalysis using e progrem which must provide for e full variance-
covariance matrix will continue to be expensive and limited in
capacity.

As indicated in the previous section, the diagonal model can
be formulated in a manner which leaves only the diagonal of the
variance-covariance matrix non-zero. This allows e considerable
reduction in the computation required for solving the portfolio-
analysis problem (thus decressing machine time and cost), and also
greatly reduces the amount of data which must be stored in the
computer (thus inereasing the meximum number of securities which
can be analyzed). In order to take full advantege of these
characteristics of the disgonal model, a special-purpose portfolio-
analysls code was written in the Fortran lenguage for use with IBM
computing equipmsent.8 The derivation of the solution technique,
which uses Markowitz's critical line m.ethod,9 is given in Appendix
A; the program itself, with required inputs, is shown in Appendix B.
The advanteges of the code are considersble: analysis of 100
securities costs only §5 (the 96-security cese which required 33
minutes with the RAND QP Code was completed in 30 seconds with this

code) and as many as 2000 securities can be analyzed.

8
The Fortran language is described by the International

Business Machines Corporation in their Reference Menual: 709

Fortran Autamatic Codi tem (New York: Internationsl Business
Machines Corporation, 19595.

9l'h.rkowitz, Portfolio Selection, Appendix.




It is interesting to note that the possibility of such a
substantial reduction in cost was foreseen by Miller in his review
of Msrkowitz's book. After discussing the concept of semi-
variance he suggests:

Of greater immediate promise for those concerned with
concrete application is the suggestion in chapter iv
+o obtain the necessary covariance inputs not by
estimating eaech separately (which would involve
n(n-1)/2 such calculations) but by deriving them
indirectly from only n regressions of each security
on a single "index" return. This suggestion, vhich
can be further refined in e variety of useful ways,
undoubtedly will help to break through what has been
one of the major cost barriers to the use of the BE-V
approach, 10

Having accamplished this anticipated reduction in cost, we ave
reedy to investigste the value of the diagonal model in varlous

appliceations.

10vertan H. Miller, Review of Partfolio Seleetion, Efficient

Diversificetion of Investments, by Harry M. Markowitz, The Jownal
of Business, The Graduate School of Business of the University of
Chicago, XXXIIT (October, 1960), 391-393.




III. PORTFOLIO ANALYSIS USING OBJECTIVE FREDICTION TECHNIQUES
A. Alternative Prediction Techniques

We have defined objective prediction technigues as procedures
for cbtaining predictions concerning security performence by
applying clearly specified rules to & set of data. In the Markowitz
formulation, the goal of any technique of security enalysis is a
set of estimetes of the expected values, variances, and covaeriances,
of the ylelds of the securlties analyzed. One very simple objective
prediction technique would merely use, for these estimstes, the
corresponding velués i‘n e previous period; we will call this the
historical technique. An alternative objective prediction method
would use the pest performance of securities to obtaln estimates of
the parameters of the disgonel meodel; this will be termed the
diagonal prediction technigue. This chapter deseribes a munber of

tests of these two methods.
B. The Sample of Industrial Common Stocks

In order to test the alternative prediction techniques
deseribed above, 96 securities were chosen randcmly from among the
comoon stocks of industrial corporations listed on the New York

Stock Excl:a.nge:.l The yield of each security wag calewleted for

lThe semple was originally collected by Professor A.A., Alchian
for use in another study. Alchian selected the securities from the
population of industrial common shares which were listed in 1640 apd

which still existed in 1952. He also obtained the yileld data for
1940-52, while the author calculated those for the period 1953-59.



every year from 1540 through 1959, using the following formula for

the yield in a given year (*I;):2
L'

v = (Price at end of Year t) + (Dividends peid during Yesr t)
t (Price at beginning of Year t)

The securities included in the sample are listed in Appendix C.
C. Estimation of the Parameters of the Diagonal Model

In order to test the performance of portfolios based on
cbjective prediction technigues, the period 1940-59 was divided into
two subperiods -~ 1940-51 and 1952-59 -- so that predictions based
on the performance of securities during the earlier period could

be tested with date from the latter ;;_Jc-:r:‘wd.3

2For actual computation of yvields, a number of conventions had
to be adopted to handle the large number of ceses not covered
explicitly by the formula. Acquisitions, mergers, ete., were handled
in accordance with the convention that the investor wished to hold
e single security as similar to his original holding as poesible.
Btock dividends of the security already held were retained while
non-cash dividends representing other securities were sold at the
earliest possible dete. Werrants to purchase the security already
held were exercised. The closing price of the security on the New
York Stock Exchange on the last day of treding in Year (t) was used
for the price at the end of Year (t). The price at the beginning
of Year f:) was measured by the closing price of the gecurity on the
New York Stock Exchange on the last day of Year (t-1). Dividends
paid during Year (t) were assumed to equal those paid to holders of
record throughout Year (t). In a few cases, of course, the data
required to caleculate the yields in striet accordance with the
adopted conventions were not available and some values bad to be
estimated, Major sources of the data were: Moody's Industrial
Manual, The New York Times, The Bank and Quotstion Record, and
The Commercial and Finsncial Chronicls.

3 These two subperiods were selected on arbitrary grounds, but
they were remarksbly similar. The average annual yield of an index



Computation of the parameters for the historical prediction
technique wes straightforward: the everage yield of a security
during the period 1940-51 served as en estimate of Ei , the variance

of its yleld sround that aversge as an estimate of C and the

152
covarlences between its yield and those of each of the other
gecuritles as estimates of the Ci 3 terms.

The first decision required for estima.ting the parameters of
+he diagonal model concerned the appropriate measure for the market
index. For this test an unweighted average of th€ ylelds of the 96
securities in the sample was selected as the measure of (I); then &

regression line of the form:

Yi=Ai+Bi-I

was fitted between the yield of each security and the level of (1)
using the least-squares method, with (I) considered as the inde-
pendent varisble. This line provided the estimates of A, and B,
for the prediction technique. Q’i , the varience of the random
component W, was computed by subtracting the variance due to the

market from the total variance of s security:
2
Q =V, - (B3)° Vg

where Vi 1s the total variance of the security and VI is the

of the 96 securities was 1.185 in both periods, while the standard

deviation of its yield wes .233 in the earlier period and 50 in
the latter,



vaeriance of the index (I). The two remaining paremeters were easily
determined: the average value of (I) wes used forr An-i-]. and its
varisnce Vy for Q’n 1

The extent of correlation between the individual securities
and the merket index 1s indiceted in Fig. 1, which shows the
distribution of the corrélation coefficients between the yield of
each security and that of (I). The coefficients were computed

according to the formula:

8y g8

The medien value was slightly above +0.7, which is gignificant at
the 98% confidence level. Over 75% of the securities had
correlstion coefficients which were significant at or ebove the 95%
confidence level. Figure 2 shows the distribution of the values of
(B;) ~- the responsiveness of the ylelds of the securities to the

market index; the median value was approximately .90.
D. Comparison of the Techniques

The two prediction techniques described differ significantly
in the number of parameters required to estimete the performance
of securities. The historical technique requires 4752 parameters
f°1‘ % securities: 96 expected values, 96 variances , and 4560
cwariances The diagonal model uses only 290 parameters for thie

.

mmber of securities: 96 values of Ay, 9 values of B;, % values

&

27
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and that of Q’n +1° The mammer in which

of Q’i’ the velue of An+l’

the paremeters for the diagonal technique were estimated insured
that the two methods gave equal estimates for the 96 expected
values end the 96 variance terms; all differences occurred in the
4560 covariance terms.

The difference between & covariance term implied by the
disgonal technique (covg‘,j) and the actual value (cmrz"’ ,j) cen be
made more meaningful if it is divided by the prioduct of the standard
deviations of the two securities in order to indicate the relative
magnitude of the error.. let (@) represent this relative error;
then:

mrd' - a
1,3 i,J

Uidj

c

d =

Since the correlation coefficient between two securities is merely
the covariance divided by the product of the standsxrd deviations,
this term can be considered as the difference between the correla-
tion coefficient implied by the disgonal technique and that implied
by the historical technique. The distribution of the values of (&)
for the 4560 cambinations of the 96 securities is shown in Fig. 3.
The standard deviation of (d4) is .189; more importent, its aversge
value is +.003, indicating that the diagonal prediction technique
gives virtually unbissed estimates of the covarience terms.
Although Fig. 3 indicates that the differences between the
Covariance terms of the two prediction techniques are relatively

smell, those which do exist may be very important. Further
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evidence is required before the relative desirability of the two

techniques can be completely assessed. A number of &s aspects “of the "\
\

i

two methods can be compared'“ the predicted performance of efficient
portfolios generated by the associated portfolio anelyses, the

composition of those portfolios, and, most important, their actual

S

performance 1n some subsequent period ﬂﬁﬁnmww_ﬂ~w~~~”“

To make these compari;;;s, two subaamples, each containing
20 securities, were drewn randomly from the full sample of 96
securities. For each sample, the parameters of both prediction
techniques were eatimated from the performance of the securities
during the period 19%40-51, portfolio analyses were performed, and
the performance of the resulting portfolios was evaluated over the
period 1952-59.

The first comparison concerns the predicted performance of

efficient portfolios based on the two techniques. Figure b shows
the predicted combinations of average yleld and standerd deviation
of yield for efficient portfolios chosen with the two techniques
from the securities in Semple 1; figure 5 illustrates comparable
data for portfolios selected from the securities in Sample 2. Quite
obsiously, the two techniques differ only slightly in their
predictions of attainable combinations of the two major elements of
portfolioc performance. The predicted performance of efficient
portfolios selected by the historieal technique from the first
sample is slightly better than that of portfolios chosen with the

diagonal technique in the lower range of expected yleld, but
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slightly worse in the range of higher yields. These relationships

L4

were reversed when the methods were applied to Sample 2. It appears
that the techniques do not differ significantly with regard to this
attribute.,

A second aspect of portfolios selected by the two methods

S

concerns the securities included To what eﬁw

_——

techm.ques select the same secunt:.es? Figures 6 through 9 displey

— T T

the composition of efficient portfolios selected with the two
technigques. In each figure the horizontal axis indicates a

e e e
predicted average yleld, while the vertical axis indicates the
smount of the corresponding efficient portfolio irrves-ted in ea.ch of
the 20 securlties. _V('f'hus s F,J_.g____indicates “thet the value of the /

3 efficlent portfolio with a gverage 1.5 is

L divided emong the securities in the following mamner: ./

Value of

Security Portfolio
1OOIOIUIII|ODOIOU 0.%
l5I'llllI..‘.lI!! 0.10
81.'0.0....10... 0l15
ewrveranvessase Qa2

By ppmiswinse s g8 ns Dui)

Not shown™eesvvvesanse 0.02
1.00

Exemination of the figures indicates that the two prediction
techniques are remarkably similar with regaxd to the portfolics

selected: the differences between Figs. 6 and 7 are slight, as are

In order to simplify the presentation, securities appearing
small amounts are not shown in Figs. 6 through 9.
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those between Figs. 8 and 9. The results of this comparison are
similaxr to those of the previous test: there appears to be no
significant difference between the techniques.

The final comparisons of these prediction techniques concern

the performance of efficient portfolios selected in the associated
portfolio analyses. Although the methods lead to portfolios which
are quite similay, it is possible that the small remaining
differences in ccmposition could leed to significant differences in
actual performance. To investigate this possibility, the yields
of the securities during the period 1952-59 were used to determine
the aversge yleld and standard deviation of yield assoclated with
each of the efficient portfolios selected by the two prediction
techniques. We will treat these two aspects of performance
separately. In eack case, two separate comparisons will be msde:
the first will investigate the relative performance of compearable
portfolios selected by the twn techniques, while the second will
compare the relative degree of correspondence between predictions
and actual outcomes associated with the two techniques.

Figure 10 shows the relstionship between predicted average
yield and actual eversge yield for the efficient portfolios
selected with the two techniques from the securities in Sample 1.‘
In this case, the historical technique was cbviously superior: all
bortfolios chosen with this technique did at least as well as
comparable portfolios (those with egual predicted; average ylelds)

Vselected with the diegonal technigue. This relationship did not

e
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hold, however, in the analysis of Sample 2. As shown in Fig. 11,
the historical technique gave inferior portfolios in the range of
jower predicted yilelds and superior portfolioe in the range of
higher ylelds. It appears that neither technique is obviously
superior in terms of average yields actually atiained by the port-
fﬁlios selected in the associated portfolio analyses.

Figures 10 and 11 illustrate not only the relative performance
of the two sets of portfolios in terms of average yields but also
the relationship between predicted average yield and actual yield
for each technigue. A somewhat more explicit indication of this
relationship can be obtained with some measure of rank correlation,
although such measures must be used with caution. In order to
indicate the degree of congistency between a ranking of portfollios
based on predicted average yields and one based on actual average
yields, a group of portfolios was selected from each set of
efficlent portfolios,5 and the velue of Spearmen's coefflcient of

rank correlation6 was computed; Table 1 shows the results.

5The portfolios were selected on the basis of predicted
average ylelds, starting with the more conservative and using an
intervel of .005; thus, from the analysis of Sample 1 with the
diagonal technique, 42 portfolios were selected with predicted
average yields of 1.095, 1.100, 1.105, ebtc., through l.300.

é
Let (d;) be the difference between the rank of portfolio i

based on predicted values and that based on actual values, and N
the number of securities. Spearman's coefficient is:

6 § (a)?

i=1l

anl -
N - X

Bince N exceeds 25 for the semples which we are investigating, the



by ly

Table 1

VALUES OF SPEARMAN'S RANK CORRELATION COEFFICIENT
FOR COMPARISONS BETWEEN PREDICTED AND ACTUAL
AVERAGE YIELIDR

Portfolios Selected | Portfolios Selected
with the with the
Sample Higtorlical Technique ! Disgonal Technigue
i 0.993 0.999
2 0.748 ~0.125

Both techniques give remarkably good results with Semple 1:
both renk correlation éoefficients are more than six standard
deviations above zero. Results with Ssmple 2 are not as satis-
factory; the portfolios selected with the historical technique have
a coefficient slightly more then five standard deviations above
zero, but those chosen with the diagonal technique actually exhibit
a elight negative correlation, as can be seen in Fig. 11 from the
generally negative slope of the corresponding curve.

Comperisons of the two techniques with respect to standerd
deviations of yield can be briefly presented since the analysis is

similar to thet used for average yields. Figures 12 and 13 display

null hypothesis can be tested using a standard deviation computed
as follows:

_ 1
er VN = 1
For a more complete discussion of Spearman's coefficient, see

Frederick C. Mills, Statistical Methods (3d ed. rev.; New York:
Benry Holt and Company, 1955), PP. 511-317.
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the relationship between predicted and actual values of standard
deviation of yield for the various sets of efficient portfolios.
In the analysis of the securities of Sample 1, the more conserva-
tive portfolios selected with the historical technique had higher
actual standard deviations than did comparable p;rtfolios (with
equal predicted standard deviations) selected with the dlagonal
technique; on the other hand, in the higher ranges of predicted
standard devietion, the portfolios selected with the hlstorical
technique proved superior. In the analysis of the securities of
Sample 2 this relationship was reversed. This comparison, like
those which preceded it, fails to establish the superiority of
either method.

Table 2 gives the values of Spearman's coefficient of rank
correlation for comparisons of the ranking of efficient portfolios
based on predicted standard deviations of ylield with that based on

actual standard deviations.!

Table 2

VALUES OF SPEARMAN'S RANK CORRELATION COEFFICIENT
FOR COMPARISONS BEIWEEN PREDICTED AND ACTUAL
STANDARD DEVIATION OF YIELD

Portfolios Selected Portfolios Selected
with the with the
Sample Historical Technique | Diagonal Technigue

1 0.999 0.99%
2 0.865 0.995

e rtfoli selected tb the earlier compari ons of
predictTg agg actua average yiel were use& fo ES %



The two techniques performed equally well when applied to
Sample 1: both coefficients are more than six standard devietions
sbove zero. In the analysis of the securities of Sample 2, the
portfolios selected with the dlegonal technique gave a slightly
better performance than those selected with the historical
technique: the coefficient of the former was more than 6.5
stendard devietions above zero, that of the latter was less than
5.9,

This completes the comparison of the two objective prediction
techniques. No strong evidence has been discovered to support the
argument thet the historical technique 1s markedly superior to the
diagone) technique. Since this is the case, and since the cost of
portfolio analysis based an the diagonal model is so much less than
that required by the historical technique, we will proceed to
investigate the predictive abilities of the diagonal technique
samevhat more extensively, using the full sample of 96 securities.

E. The Performance of Portfolios Selected
with the Disgonal Tecbnigue

In order to provide an additional test of the dlsgonal
prediction technique, a portfolio analysis of the 96-security
semple was made, using the paraueters estimated in the manner
described in Sec. C of this chapter. Figure 1t shows the relation-
ship between predicted values of aversge yield and actual values
in the period 1952-59 for the resulting set of efficient portfolios.

The correspondence between predicted and actual values of aversge

Lt
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yield for a group of these por-t.folios8 was measured with Spearman's
rank correlstion coefficient. The value of the coefficient was
negetive: ~.162, This result, together with Fig. 1k, suggests
that the diagonal technique is a relatively poor predictor of
average yield.

Figure 15 shows the relationship between predicted and actual
values of the standard deviation of yleld for the set of efficient
portfolios. The correspondence between predicted and actual ;élue
appears to be much greater than with averege ylelds. This is
confirmed by the Spearman coefficient for the rankings based on
standard deviations: the value is .923, almost seven standard
deviations above zero.

It is epparent from both Figs. 14 and 15 that the predictive
sbility of the diegonal technique is much better in the range of
conservative portfolios than in that of portfolios with higher
risk. ©Since this result may be fortuitous, it would bve unwise to
attach too much significance to it. On the other hand, there may
be a perfectly valid resson for the better predictive ability with
the more conservative portfolios. Figure 16 shows the number of
securities in the efficient portfolios studied. As one might
expect, efflicient portfolios with high predicted average yield

(and standard deviation of yield) contain fewer securities than do

the more conservative portfolios. With only 96 securities from

in Secscgosen according to the rule used for the tests described
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which to choose, the analysis selects portfolios with very few
securities in this range of higher risk. It is not suwrprising that
predictions based on four to eight securities should be poorer than
those based on twelve to sixteen.

Figure 16 indicates that approximetely the first two-thirds of
the portfolios (in terms of predicted average yield) contain at
least eight securities. The rank correlation coefficients for these
portfolios are very high: the coefficient based on everage yield 1s
.993, that based on standard deviation of yleld is .996, Both are
more then seven standard deviations sbove zero. |

It is very easy, of course, to select a range over which a
technique performs well and then to rationalize the selsction of
that rapge. On the other hand, portfolios selected by the
technique which contaein & feirly large number of securities may be
worth consideration, while those containing a smedl number of
securities should probably be excluded on purely & priori grounds.
In order to differentiate between the performance of the larger
portfolios and that of the smaller, we will ayoitrerily divide the
get into two groups: portfolios with at least eight securities, and
those with less than eight. As indicated in Fig. 16, the former
group lies in the range with predicted average yields of less than
1.32; for convenlence, vertical lines have been drawn in both Figs.
1l and 15 to separste these two groups of portfolios.

Figure 17 shows the combinations of average yield and stendard

deviation of yield actually achieved by the set of efficient port-
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folios. The points have been connected in accordance with the
predicted relationships among the various portfolios; the solid
segment of the line refers to the portfolios with at least eight
securities, the dotted segment shows the performance of the smaller
portfolios. The other curve in the figure will be described later.
" ""We have suggested that the diagonal prediction technique
appears to offer at least one advantage over random selection of
securities: if attention is confined to the larger portfolios,
it enables an investor to discriminete between portfolios which are
likely to exhibit small average ylelds (and standard deviations of

yield) and those which are likely to exhibit large aversge yields

s e

(end stenderd deviations of yleld). \The next question which we “\
e e e e gns £
seek to answer concerns the relationship between the performance

of portfolios chosen by the technique and that of comparable po '{
s ok

folios chosen in some random ma.rmerx "For convenience s we will refer
»Ec-:mﬁbx;tfoii-os chosen from portfolio analysis with the dlegonal

technique as "efficient" portfolios, and those chosen by a random

technique as "random" pgrtfq;;Mh to determine whethe

‘either of these sets of portfolios is dominant; in other words,

among portfolios with the same average yield, do the portfolios of

ne set typically exhibit lower stenderd devistions of yleld?”

9The question could as easily have been put in another
manner: among portfolios with the same standard devistions of
yield, do those from one set typically exhibit higher average
yields?



//HHH._EQ order to make fhé ;aéiarlson, a set of portfolios composed /

of securzties selected w1th some random technlque had to be
obtainggmj TWO groups of portfolios were used for this purpose.
The first was composed of portfolios conteining 50 securities each,
on the average. Since there were only 9 securities from which to
choose, these portfolios generally had aversge ylelds quite close
to 1.185, the averege yield of the sample during the period. In
fact, although 200 such portfolios were selected, too few had
average yields below 1.17 to be incorporated in the analysis. In
order to obtain random portfolios with lower average yields, a
second group of 200 portfolics, containing 14 securities each, on
the aversge, was obtained; these portfolios are comparsble in
diversification to the larger efficient portfolios. This latter
set of random portfolios provided sufficient securities with

awerage yields from 1. 14 to 1.17 for the desired comparleon.l

method used to select the random portfolios is described in the

\footnotegzgm..“._“

Iet N be the number of securities to be included, on the
average (N = 50 for the first get, 14 for the second).

1. Consider each security in turn as follows:

a. ©Select a random number between 1 and 96;

b, If the number lies between 1 and N, the
security under consideration is ﬁo be
included in the portfolio; if not, it is
to be exeluded.

2. For each security selected for inclusion, select
& random number between 1 and 100,

3. When all securities have been considered, sum all
number selected in (2).

Lk, TFor each security selected for inclusion, divide
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The additional curve in Fig. 17 shows the median values of
standard deviation of yield for all random portfolios which fall
within each interval of average yield of width .0l. The values are

also shown in Table 3.

Table 3%

MEDIAN STANDARD DEVIATION OF RANDCOM PORTFOLIOCS,
BY AVERAGE YIEID INTERVAL

Average Yield Intervel | Median

| Standard
From To : Deviation
1.1300 1.1399 - 51
1.1400 1.1499 42
1.1500 . 1.1599 -
1.1600 | 1,1699 .25
1.1700 1.179% 7
1.1800 | 1.1899 .51
1.1900 ! 1.1999 . 54
1.2000 1.2099 .60

An alternastive method of comparison is shown in Table 4, in
which the random portfolios within each average yield interval are
divided into three groups: those with smaller standard deviations
than those of the efficient portfolios within the interval; those
with standard devistions vhich fall within the range spanned by
efficient portfolios within the interval; and those with standard
deviations grester than those of the efficient portfolios with in

interval.

the number selected in (2) by the sum computed in {3). The

quotient is the amount of the portfolio invested in the security in
guestion.



Table &

RETATTONSHIP BETWEEN STANDARD DEVIATIONS OF YIEZLD FOR EFFICIENT
PORTFOLIOS AND THOSE OF RANDOM PORTFOLIOS, BY AVERAGE YIELD INTERVAL

Average Yield Distribution of Random Portfolioa*
Fron To o Og < O op = 9 9 > Op Total
1.130 | 1.139 o 0 160.0 100.0
1.1%0 | 1.149 4.3 35.1 60.6 100.0
1.150 | 1.159 29.3 19.7 51.0 100.0
1.160 | 1.169 48.9 167 3h .k 100.0
1170 | 3.279 552 3.5 h1.3 100.0

*The rendom portfolios falling within each average
yield interval are classified in three groups on the
bagie of their standard deviation of yleld (GR). The
first group includes random portfolios with smaller
standard deviations than those of efficlent portfolios
within the intervel (aR < aE); the second group includes
random portfolios falling within the range spanned by
efficient portfolios within the interval (uR = GE); the
third group includes those with standard devietions
greater than those of efficient portfolios within the
interval (oR 2 aE).



Figure 17 and Table 4 both indicete that random and efficlent
portfolios with equal aversge ylelds ere likely to have similax
standard devietions of yield. This result suggests that the only
adventage of the diagonal prediction technique is the one described
earlier: it enables an investor to diseriminate between portfolios
vhich are likely to exhibit large average yields (and standard
deviation of yleld) and those which are likely to exhibit small
average ylelds (and standard deviations of yleld).

The results of this chapter can be summexrized in two
hypotheses. First, the diagonal prediction technique is no worse
+hen the historical technique, end since it is cleaper to use it
is thus to be preferred. Second, the diagonsl technigue achieves
s fairly sccurate ordering of portfolios on the basis of future
variability of yield, although the portfolios it selects are not
likely to exhibit less variation than will portfolios composed.
of securities selected at random which have similar average yields.
This hypothesis holds only for large efficient portfolios, however
(i.e., those with at least eight securities), and only such
portfolios should be considered when the disgonal technigue is used.
Since 1t 1s highly desirable to ocbtaln large efficient portfolios,
many securities should be analyzed, since larger nunbers of
securities are likely to result in more diversified efficlent

portfolios.ll

l;A fair approximation for the cases studied is that the

average number of securities in efficient portfolios inereases
&



Obviously, the data presented in this study do not constltute
an independent test of these hypotheses, since the hypotheses deriwe
from the data. All that can be said at this point is that the date
are not inconsistent with the hypotheses. A true test of the value
of objective prediction techniques must awalt a large-scale study
involving many more than 96 securities. Until such a study is
performed, it would be premature to reject these techniques; 1f the
hypotheees offered here are valid, they offer considerable advanteges

over the random selectlion of securities.

linearly with the muber of securities enalyzed. Of course, the
effect will be eméller for the less conservative portfolios. At
the extreme, the least conservative portfolio will always contain
one security, regardless of the number analyzed.
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IV. PORTFOLIO ANALYSIS USING SUBJECTIVE
PREDICTION TECHNIQUES

A. The Experiment

In order to test the feasibility of using ¥arkowltz's
portfolio-analysis technigque with subjective predictions of the
performance of securitles, an experienced investment counselorl was
asked to provide information from which the parameters of the
diegonal model could be computed. The object of this experiment
was to determine the extent to vhich the techniques wtilized for
sumarizing the counselor's beliefs concerning the performance of
securities succeeded in commmicating his true feelings. A number
of aspects of the results provided information on this point: the
investment counselor's feelings comcerning the validity of his
estimates, the extent of interpal conslstency among them, and the
vrelationship between the counselor's opinions about various port-
folios and their charscteristics as determined by his explicit
predictions of security performence.

To malie the commmnication of the counselor's subjective pre-
dictions as simple as possible, agreement was reached on a set of
asswiptions which formed an intermediate model between the estimates

which the counselor provided and the parameters of the dlagonal

lme individual who participated in this experiment has been
e professional investment counselor for over 13 years and now holds
s mansgement position in a leading investment counseling firm.
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model. Before reporting the results of the experiment, we will
describe both the estimates used and the intermediate model which

trepslated them into the inputs reguired by the portfolio analysis.
B. Calceulation of the Parameters of the Diagonal Model

Figure 18 shows the form used to obtain estimates concerning
individual securities.2 Twenty securities which the coumselor
considered cspecially attractive at the time were analyzed. The
primary characteristies of the analysis are apparcnt from an inspec-
tion of Fig. 18: the use of a three-year prediction period, the
separation of predictions of price changes frow those concerning
dividends, the choice of the Dow-Jones Industrial Average for &
measure of (I),3 and the use of a probability distribution for estl-
mating fubure prices.u The forms provided the following parameters

for each security:

°Me final question shown in Fig. 18 did not appear on the
forms actually used, but was presented later, when its desirability
had become epparent.

3Although aware of some of the undesirable features of the
Dow-Jones Averege, the counselor uses it in his analyses because 1t
is prominent in the minds of his clients.

hThe discussion resulting in the decision to adopt this tech-
nique was quite revealing. The author proposed the use of g number
of questions such as, "What 1s the chence of & 10% vise, a 50% rise,
ete.?" or, alternatively, "How great e rise might occur one time in
twenty?” The investment counselor found such gquestions wnattractive.
He finally comented, "It's too bad you won't just let me draw you a

"y

graph showlng the chances of various prices !

s



Security
Annual dividend yield %
likely
A
1
L i ' | :
Y _50% 0 +100% +200%

Total change in market price of security over three
years if the Dow-Jones average remains level

Price of this security if the Dow-Jones average rises to
twice its current level:
% of the security's current price

Price of this security if the Dow-Jones average falls to

75% of its current level:
% of the security's current price

Fig. 18, - Form used for subjective prediction experiment
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Di = the expected value of annual dividend yleld;

Ni = the mean value of the probebility distribution of
the price of the security based on the assumption
that the Dow=-Jones Average remalns level;

Ui = the variance of the distribution;

Pl g the expected price of the security ii the Dow-Jones

o Average rises to twice its current value;
P2 1 F the expected price of the security if the Dow-Jones
3

Average falls to 75% of its current value.

In addition to providing this information for each of the
twenty securities, the counselor specified a proé;bility distribu~
tion indieating the likelihood of various levels of the Dow~Jones
Average at the cnd of the three-year period. This distribution
provided the parameters of the dlagonal model which describe the

characteristics ol I:

the mean value of the probability distribution of
possible changes in the Dow-Jones Average;

m

An-i- 3.

the variance of the distribution.

]

%+l

The price of a security was asswed to be determined In

accordance with the relationship:

(9} Py =M +R Ttz

where M, and (I) arc as defined above, R, indicates the responsc of
the price of a security to changes in (I), and z; 1s a randon
variable with a mean of zero and g variance of Ui' Ri is the only
parameter ol this equation which has not yet been defined.

Figure 19 illustrates the calculetion of Ri; the horizontal

Oy



Expected

price of
security
C
d
P Y
"
D 3. ;
| -
Mi . e
MF A /.
1, e
P
A
W\\ﬁ ™ T i s
-25% o} +100%

Change in Dow-Jones average

Fig. 19. - Calculation of parameters in subjective
prediction experiment
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axis indicetes alternative changes in the Dow-Jones Average, the
vertical axis indicates the associated expected price of a security.

end P , arc the gquantities previously defined. The curve
)

Mys By g i
ABC chows the typical relationship among these three values for the
twenty securities analyzed, indicating that the counselor's beliefs
do not corpletely conform to the assumption of the diagonal nodel
+that this relationship is linear.

In order to select the important range of changes 1n the Dow-
Jones Average, the appropriate distribution was examined: it had an
expecﬁed value of + 50% and indiceted & very slight chance of a
change below - 25%. Since the object of portfolio analysis is to
mininize losses associated with outcomes below expected values, this
is the range of primary importance. The estimate of Ri vas obtained
by averaging the slopes of the lines AB and BC; and the value of Mi
replaced with Mi ~~caleulated so that PE,i
price when the change in the Dow-Jomes Average is - 25%. The line

remains the expected

AD in Fig. 19 illustrates the relatlonship used for the final calcu-
lations.

The total yleld of a security includes both price changes and
dividends; since dividends are gencrally pald quarterly we convert
each estimate of annual yield into a couperable quarterly figure,

a; (= Di/h) and, for convenience, assume that this yleld relates to

the price at the close of each quarter. Then, if P, is the price of

1
a security at the beginning of the first quarter and P2 its price at

the end of the gquarter, dividends paid during the period are d92 and



the total yileld is:

The yleld of the security over the twelve quarters of the three-year

prediction period is merely the product of the quarterly yield

figures:
Fad P F
Y = {1+ 4) ﬁg (1 + q) —i ¢ w @ [L# @) §L§
X 2 11
& B
(L )P 12
l

But (Pl“/Pl ) is merely the P of owr previous equations. Thus:

L

— 12 L]
Y, = (1 + 4) Pi

= 1'2 i N b2
(10) yi-(1+a) [Mi+Ri I+”1]

The relationship between the paraneters of the diagonal model and
the estimates provided by the investment counselor is impliecit in
Eq. (10):

- (l + d)12 .

= (1 + d) + Ry
=1+ .y

'1
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¢. Results of the Analysis

Figure 20 shows tae resulte of & portfolio analysis using the
parameters ocbteined from the investuent counselor's beliefs. The
solid line indlcates combinations of predicted average yield and
stendard deviation of yield for efficicnt portfolios. (In reading
the figure, remeuber that all values shown refer to performence over
a three-year period.) The predicted performance of each of the
twenty securities is also shown; the dotted line and the boundary of
efficient combinations together enclose the space of attainable
conbinations of avcerage yvield and stendard deviation of vield. Any
portfolio conposed of one or more of the twenty securities would
have a predicted performance shown by some point within the space.

As part of the experiment, the investment counselor was ashed
to specify three portfolios of different conservatism, which he
would recommend to clients. The predicted performance of these
portfolios was then calculated, using the predictions of individual
gecurity performance cbtained previqusly. The three portfolios are
shown as points 1, 2, and 3 in Fig. 21, which is a larger-scale
illustration of & portion of Fig. 0. The predicted performance of
the three portfollos is consistent with the investment counselor's
descriptions: Portfollo 1 was described as the most conservative,
Portfolio 2 as fairly conservative, and Portfolic 3 as least
conservative.

The three portfolios gselected by the investment counsclor

will be compared with two alternative groups of poxtfolios:
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random and efficlent. We first consider portfolios resulting from
the random selection of securities. Figure 21 shows the predicted
performance of 50 such portfolios, each containing about 15 secwuri-
ties.s For purposes of comparison, points 1, 2, and 3 have been
connected with straight lines; the resulting curve can be used as

an estimate of the predicted performsnce of all portfolios which

the counselor might choose in this range of predicted average yie1d§
Two aspects of the relationship between this curve and the points
representing the random portfolios are of interest. First, none of
the random portfolios had a predicted average yleld or stendard
deviation of yield which 1ay.outside the range covered by Portfolios
1 and 3; the counselor's selections thus bracket the range of
vesults attainable with falrly sizeable portfolios. Second, and
wore important, the counselor's portfolios are generally more
efficient than those composed of a fairly large number of securities
selected randomly: of the 50 random portfolios, 11 lie belov the
curve, 9 are on it, and 30 lie above 1%.

The second couparison is between the investment counselor's

SThe selection technique was that described in Chapter 111
with ¥ = 15. The only other change occurred in Step (1a), in which
a number between 1 and 20 was chosen, rather than one between 1 and
96. )

6The gtralght line between points 1 and 2, for cxample, is
an wnderestimate of the performance of all combinations of Port-
follos 1 and 2. The true curve lies slightly below and to the
right of this line, but the difference is glight.



selections and efficient portfolivs. For this purpose, three port-
folios (1%, 2%, apd 3*) were selected from the set of efficient
portfolios. Pach has the same predicted average yifld as one of
the investment counselor's portfollos, as showm in Fig. 21. The
composition of all six portfolios is given in Table 5.

The differences between the ilnvestment counselor's portfolios
and comparable efficient portfolios are striking. According to the
parameters cobtained in the experiment, the counselor's selections
are much less efficient--a result related to the fact that the
efficient portfolios are much less diversified than those chosen by
the counselor. This lack of diversification was the result of a
rather large divergence between the parameters given three securi-
ties and those assigned ths others;T the predictions for these three
securities made them so attractive that their inclusion as major
elements of a portfolio more than offset the resulting lack of
diversification and assoclated risk.

Two interpretations of these results can be offered. The
first would accept the validity of the parameters used in the port-
follo analysis and thus its conclusions, with the implication that
the counselor had failed to realize that the advantages of the three
exceptional securities were so great that he should concentrate his

holdings heavily on them. The second interpretation would question

7'l‘he particular aspects of the parameters which made these
securities so desirable are described in the next chapter.
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the velidity of the parameters, especially those relating to the
three exceptional securities. Discussions with the investment
coumselor after the portfolic snalysis was completed indicated that
the latter interpretation is to be preferred. While agreeing that
the three gecurities were exceptionally desirable, he felt qulte
strongly that he would never concentrate a portfolio in those
securities as heavily as did the portfolio smalysis. He was more
than willing to admit that hies estimates of the perfofmance of those
securities had apparently overstated his true feellngs.

The results of this experiment emphasize the rigor of the
portfolio-analysis technique. The Markowitz approach takes into
account all differences among parameters, some of which may be mach
smaller than the probable error in the estimates; one conseguence is
that relatively few securitics enter efficient portfolios, a result
which is likely to prove unacceptable to most investors. While the
other relationships investigated in this experiment suggest that the
parameters obtained from the investment counsclor contain a great
deal of information concerning his beliefs, it is evident that they
fail to estimate precisely the absolute wagnitude of differences
among the parameters. If this 1s typically the only error, however,
the Markowitz portfolio-analysis technique moy still make a comtri-
bution in the process of investment selection using subjective
prediction techniques. If a large enough nuber of securities were
analyzed, the resulting efficient portfolios would probably be

falrly diversified. WVhile it is unlikely that these portfolios



would préve much more efficlent than those selected by the analyst
himself, use of the Markowiiz technique could facilitate an in-
creased division of labor--allowing much of the task of portfolio
seclection to be delegated to subordinates. The investment counselor
who participated in this experiment indicated that this use of the
technique would be of some value in his firm. Although the results
are likely to be modest, it appears that an attempt to apply the
Markowitz technique 1o subjective predictions of the performance of

a large number of securities deserves serlous consideration.
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V. A POSITIVE THEORY OF SECURITY MARIET BEHAVIOR
A, The Theory

In this chapter we turn from normative epplications ol port-
Tolio annlysis to an attempt to construct a positive theory of
security mariiet behavior. The basic asswptions of tids theory are:
(1) investors act as if they were applying the Mariowitz portfolio-
analysis technique to probebility beliefs about sceurities, and
(2) their beliefs are expresscd in terms of the diagonal model.

A nunber of relationsnhips must be established before the
nariet equilibriunm conditions which result from these assumptions
can be described. The first concerns the effect of portfolio size
on variance. Thls can best be illustrated by consldering alterna-
tive portiolios, each of which contains N securities, with (1/8) of
the value of the portfolic invested in each security.l The variance

of such a nortiolio would be:

v b
Vh(‘{n“'l) V-[+ i=

., N
()™ VLY

l‘I‘he results we will obdain can be shown to hold in the
general case, wherc the amounts invested in different securities
are unegual.
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letting B ve the average value of Bi and @ the average value

of Qi for the N securities, the formule becomes:
- (52 . )
v = (B) VitE

This formulation indicates that the larger the number of securities
in a portfolioc, the less significant is the portion of variance due
to the Qi parameters. With sufficlently large portfolios, this
latter type of risk can be virtually disregarded since the variance
of the portfolio will be due almost entirely to the Bi parameters.
This 1s intuitively plausible. The parameter Qi veflects & risk
wnique to a security which 1e in no way correlated with the perform-
ance of any other security; diversification can reduce this type of
risk to negligible proportions. On the other hand, the psrameter
Bi refers to risk which 1s related to the performance of other
securities; it is an impliclt statement of the covariance between
the yleld of the security and that of all others. This type of riek
cannot be offset by diversification and vemains important regardless
of the size of a portfolio.

Figure 22 illustrates the typical relationship between V and

N, using median values of the 96-security sample during the periocd

1940-51 for B (=0.9) and § (=0.05); the performance of the

¥
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Fig. 22. - Predicted relationship between the number
of securities in s portfolio and its variance



96-security index during the period was used as an estimate of

Ve (=0.06). The curve indicates the relatively small nurber of
securities required to reduce variance to nearly ite nminimu value.
Since so few securities are typleally required to reduce the
variance of a portfolio to the amount due to the B parameter, and
since so many securities are aveilable to investors, we would expect
to find that investors place primary emphasils on Bi when assessing
the risk of & security, devoting mich less attention to the Qi
parameter.

Consider next the effects of changes in the price of a
securlty on the parameters Bi and Ei. Assume that investment in one
share of a particular security will result in & value of $Z1 at the
end of one year, where $Zi ineludes both the price of the securlty
at the time and all dividends paid during the year. Assume further

that the value of Z1 will be determined by the formula:

(11) z, =F +G «I+h

i i i

where (I) represents the deviation of the mariet index from its
expected value (so that B(I) = G); F, and G, arc parameters, and h,
is & random variable with & zero mean. In this discussion we will
assume that the initial price of the security will not affect the
determination of Zi' A pumber of alternative assumptions could be
presented, but since they typically effect only the édjustment
process, ylelding the same equilibrium condition, we will limit our

dilscussion to this case.



I Zi is the total dollar value at the end of the year
resulting from the purchase of one share of a security, and P1 is
the price paid for that share at the begimming of the year, then,

by our definition, the yleld is:

Zi
Y, = =—
i Pi
Substituting Eq. (11) for Zi:
. - (Fi % 8, - I3 hi)
i Pi
Qr:
T a. h
1 i i
Y, = oo 4 —=— I+ =
i Pi Pi P1

Compare this formmlation with the besic equation of the diagonal

model:
Yi = Ai + Bi £ T + wi
Obviously:
5 =
i Pi
B = ok
i Pi
!
! Pi

We have defined {I) so that its expected value is zero. Thus:
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These equations indicate that a change in the price of a
security willl affect both Ei’ its expected yield, and Bi’ the
relationship between its yileld and the market index. Ei and Bi will
both move inversely with the price oi the security; note, however,

that thelr ratio 1s independent of the price:

5 .
BB G
5 00K K

Fy

These relationshilps arce illustrated in Fig. 23. As the price of
security R rises, the point showing its characteristics will move to
the left along line 1; as ite price falls, the point will wove to
the right along the same line. )

Ancther rvelationship of importance in this analysis concerns
the effects of combining portiolios. Since both B and E are linear
functions of the quantities of the various securities included in a
portfolio, the values of E and B pertaining to a portfollo formed by
investing partly in one portfolic and partly iIn another will lie on
the line comnecting the values of B and B of the original port-
folios. Thus, in Fig. 23, point T could represent an investment
divided between portfolios W and U.

We have considered the charactcristics of securitles; we now

gl
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must consider one very important alternative investment: lending
noney at the "pure" interest rate. This alternative has an expected
retuwrn equal to the pure interest rate (Ei = 1 + r), but there is no
associeted risi; thus Bi and Qi are both zero. Since this cen be
considered merely another portfollo, corbinations of lending money
and regular portiolios will have predicted values of B and & which
1ie on the line connecting the two investuents. Thus point U in
Fig. 23 could be cbtained by investing some portion of a fund in
portfolio T and lending the rerainder at the pure interest rate,
shown by point P.

One additionel characteristic of the pure-interest-~rate
alternative is important. It is possible %o "disinvest” in a
security (or portfolio) by borrowing rether than lending money at
this rate;2 thus it would be possible to obtain point U in Flg. 23
by borrowing money to purchase portfelio V. In gencral, by borrow-
ing or lending, it is possible to obtain any corbination of B and B
falling on a line passing through point P in Pig. 23 and any point
representing some portiolioc or security.

The equilibrium process can nov be shown. In Fig. 23 the
points S, U, and V are a few of many securities which lie along line
3, which originates at point P. Ve have shown that the values of B

and B agsociated with any portiolio composed of these securities will

BWe asswme equal borrowing and lending rates. The iwmplica-
tions of differential rates are of considerable interest but will
not be discussed here.



lie along line 3; of all such portfolios, one will have the smallest
variance due to the Qi parameters. Let this portfolic be repre-
gented by point W. Sincé there will be many securities along line
3, the variance of this portfolio which is caused by the Qi
parameters will be so close to zero that it can be disregarded.

Next consider the effects of borrowing and lending at the
pure interest rate. Any combination of B and E along the line FW
can be obtained by some combination of poritfolic W and lending
money. Since the variance due to the @ parameter is zero for both
components of such an investment, its entire variance will be due to
the B pararmeter. On the other hand, any combination of B and B
alaong line 3 above point W can be obtained by borrowing noney to
purchase additional avounts of portfolio W; agaln, the variance will
be due entirely to the B paraneter. ’

How assunme that some security, such as R, lies to the right
of line 3. Compare it with the combination of W and P represented
by point T: both have the same expected yield but R has a smaller
B-parameter and e greater Q-parameter. Under thece conditions it
would be profiteble lor investors to include security R in their
portfolios; the proper amount would depend on the relationship-
between the parsmeters: the larger the difference in the B
parameters relative to the @ parameter of R, the larger the propor-

tion of the portfolioc which should be devoted to R.3

3Assum£ that portrfolio T has a B-paramecter of B and no vari-
ance due to Qi paransters. Then 1T BR and QR are the parameters of

tidg
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¥hat would be the market response to a security which

(temporarily) had charscteristics similar to those described for

gecurity R, and is the amount of & portfolic invested in R, the
varlance due to QR will be:

. 2,
V= R %
d(v
UR) i
letting [XB be the difference (E-BR), the B parameter of the new

portfollio will be:

B.—.'ﬁ-xR.AB
and the variance due to this parameter will be given by:

= (B - % . A\p)?

i%—;— 2V(AB)[ L\B-E]

The optimum amotmt of security R can be found by equating the
inerease in variance due to with the absolute value oi the
decrease dve 1o BR as XR is increased:

2oy = - (2w (/) [ - L - 9]
The optinum is thus: ‘
vlj/"a
= (L'\,B)Q'VI+QR

VIB

BT RE,

Rewrlting:

e
This formulation shows that, ceteris paribus, the higher is

relative to [\B, the larger the amount of the portfolie which should
be invested in security R, thus proving the statement in the text.
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security R? People would desirve to buy more of this security and
less of those securities with higher values of B, causing an
increase in the price of R and a decrease in the prices of all
securities along line 3. In Fig. 23 point R would move to the left
along line 1, while points 8, U, and V would move to the right along
their respective lines from the origin, establishing a new line from
point P lying to the right of line 3. If point R remalned below
this new line, similar incentives would exist for increased purchase
of R and decreased purchases of S, U, and V, resulting in further
movenents of the prices of the securitles.

Figure 2 indicates the equilibrium condition in the security
market. ALl securities will lie along one straight line which cuts
the E-axis at the pure interest rate. When a security temporerily
moves to the right of the line, forces are set in motion which move
the line 4o the right and the point representing the security to the
left. On the other hand, when a security terporarily moves above
the line, its price will fall, moving its point to the right, while
the prices of securities on the line will rise, moving the line to
the left. Only when conditions are as pictured in Fig. 24 will
equilibrium be achieved.

Figure 24 indicates the cowbinations of B and E for indi-
vidual securities which will occur when the market is in equilibrium;
Pig. 25 illustrates the relationshlp between standard deviation of
yield and average yield for portfolios under these conditions. Ve

have shown that any cowbinetion of B and E on line PP' in Fig. 2k
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Flg. 24. - Bquilibrium in the security market
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Flg. 25. - BEquilibrium relationship between average yleld
and standard deviation of yield for portfoliocs
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can be attained by some nortfollo with zero variance due to Q. For
example, there is 2 portiolio with an expected yield of El, a narket
resnonse of El’ and & variance due to non-parxet factors of zero.
The total varlarce o such e pertfolio is (Bl)EVI and its
standard deviation Bch =0y - Tor all portiolios with zero
variance due to @, B is a lipnear functlon of E -- line PP' in
Fig. 2 -~ and o is & linear function of B: thus ¢ will be a linear
funetion of L -- line PP" in Fig. 25. Lote that this line also cubs
the E-axis at the pure interest rate.u

We have shown that all portfolios for which the variance due
to ¢ is zero will lie along line PP" in Fig. 25. DBut nany possible
portfolios (in particular, one-security portfolioa) do not have zero
varience due to Q; they will lie above the line, since they have as
queh variance duwe to B as do comparable efficlent portfolios plus an
additional variance due to €. Such portfolios will lie within a
gpace similar to that shown in Figg, 25. When the market has reached
equilibriwa, no quadratlc DProfrant 15 required to distinguish between
jnefficicnt and efticient portfolios: the set of efficient port-
Tolios ig merely the set of diversified portfolios.

The investor who assumes that the security market is in

equilibriwn approaches the problen of portfolio selection in umch

j'i'Sinco 3 and o for securities are likely to be correleted,
the relatiouship between ¢ and B for single securities may also be
a straight line intersecting the F-axis at Lhe sure interest rate.
This was the case For the estimtes provided by the incestient
counselor, as can be seen in Fig. &C.

87
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the same menner g¢ the consuner epproaches the problem of allocating
nis income between two goods. Having determined the attainable
combinations of average yield and standard deviation of yleld (line
PP" in Fig. 25, the investor selects the conbination which will
meximize his utility. In Fig. 25 this corblnation 18 shown by point
7, where indifference curve 12 touches line PP". In reading this
Pigure, remenber that since higher values of ¢ are less desirable

’
than lower values, higher levels of utility lie to the right and
downward.5 An alternative interpretation of the portfolio-selection
problem characterizes each investor &s adjusting his holdings until
his merginel rate of substitution of risk for earnings equals the

cormon merket rate, O course the market rete is itself determined

by the preferences of investors.
B. Arbitrage in the Security Market

Ve have described a process through which equilibrium in the
security market can be attained. Instrumental in this process are
arbitragers -- investors who attempt to discover gsecurities which
are temporarily undervalued or overvalued, and who, through their
purchases and sales of such securities, bring about the price

changes which restore equilibrium. The arbitrager does not believe

5‘I‘his discussion assunes, of course, that investors wish to
avert risk. For an excellent discussion of this problem (in e some-
what 8ifferent context) sce James Tobin, "Liquidity Preference as
Rehavior Towards Risk," The Review of Economics and Statistics, XLV
(February, 1950), 65-36. Tobin derives a linear relationship
between o and E using & highly simplified model in which the alter-
native investments are cash and consols.




that all securities lie along a linc similar to PP' in Filg. 24; h

3

[

believes that soug overvalued securities lie above such & line and
that some undervalued securities lie below 1%. e rejects the
former from consideration entirely, leaving only the undervalued
securities plug those which he considers to be priced correctly in
the set of securities from which efficlent portfolics will be
constructed.

Pigure o6 serves as & copvenlent {1lustration of this
process: it shows the values of B and b for the twenty securitles
selected by the investmont counselor 1n the experimnent described in
the previous chapter. ligtice that all but three of the scowrities
{nusbers 6, 10, and 12) lie along & line which passes throush the
pure intcrest ratu,é the three exceptional securities are thce once
which entered the set of eificient portfolios in such larpge ariounts.
Fipure o5 indicates the roason. As indicated previously, when
securities 1lie below the 1line, it will prove oprofitable to include
then in portfolios, the anount depending on the wapnitude of thelr
o -paraneters relative to the distance from the line. ALl three of
these securitics had high @e-paramebers but lay so tar below the line
(especially nuber 10) that the portfolio-analysis technigue relied

eV

neavily on them in forming the set of efTicient portfolios.

“1me line wes {itted free-nand., It passes through 1.12 at
its intersccrion with the heaxis. This corresponds to an annual
interest rate of 3.9 since all values refer Lo 8 b?reewyear period.
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Obviously these estimates overstated the counselor's true feelings
concerning the distance of these points below the line. It is quite
possible that the fallure of these data to portray the absolute
magnitud;s of these distances correctly may have been the only major
error which arose in the process of translating the investment
counselor's beliefs into quantitative estimates. I this 1s the
case, the consistency between the description of an arbitrager's
views implied by our theory and the parameters obtained in the

experiment provides a successful test of the positive theory.
0. Evidence on the Vaelidity of the Theory

The theory of securlty market behavior presented here
concerns the relationships among predicted values of various parane-
ters. Since the test deseribed in the previous section used ex ante
values it constituted a direct test of the theory. Unfortunately,
the majority of available data deals with ex post values, which
describe not the predicted values of the parameters, but their
sctusl magnitudes. Since prediction in the security marked is an
imperfect art, considerable differences between ex post and ex ante
values of such parameters rmust occur; nonetheless, relationships
which hold for ex ante volues should also prove valid for ex post
mrmitudes, altbougd with considerably less significance. This
reduction in accuracy should be kept in mind in evaluating the tests
reported in this section, all of which use ex post values as

estimptes of the correspunding ex ante magnitudes.



ine implication of the theory concerns tie relationship
between average yrield and standard deviation of yield for éiversi-
fied portiolios: all such portfolios shouwld lie along & straight

line in the (v, ¥) planc pausing through the point at which

ive (1 +r) and o = 0.

To test thils implication, the perforsance of 23 open-end
wtusl funds wns oxamined; this sample inclutes all cormion stock
and halarced Mumds For widch yield data were given in Wiesenberper's
-

Investment Covpanivs for all years from 1940 through 1959.f

Figure 7 shows the average yield and standard deviation of
yicld for the 23 musunl fnds during the period 1940-51. The
performance of two other large portfolios is also shown: the Tirst,
indicated hy the point 87, comprisces the common stocks which
constitute the Standard and Poor's 9C-stoelh index; the second,
desijmated by point R, 1s o wortfolio which includes equal amounts
of the 90 industrial comion stocks analyzed in this sbtudy. A line
intersecting the horizontal axis at 1.03 (which corresponds to a 3¢
interest ratc) has been drawn freec-hand in Fig. 27: vwhile there is
considerable dispersion around this line, the data 6o not appesr Lo

be strongly itneounsistoent with the theory.
NG

Figuee 20 shows the verformence of the 23 nwtual funds during

(Eith one cxecpblon: Affilisted fund was excluded from the
analysis since its operations during some of the yedrs were unusuval
for a wubual fime.  Yields Jor the 23 coumpanles were aeasuwrcé in
accordones with the rules speciiied in Investuent Cormanies (lew
York: . rthue Wlesenbepypr and Jormpany, 194G-1960).
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the perioé 1992-5%%. Again a free-hend line has been drawm througn
1..02 on the horizontal axis. Thesc dats also appear to be
consistent with the implications of the theory.

A sceond iuzplication of the theory concerns the relationship
between Bi and Ei for individual securities; the wodel irplies a
linear relationship, with the value of Ei equal to (one plus the
pure interest rate) when Bi is zero. To test this nynothesis, two
periods were exsmined: 19451 and 1946-59. For each period, the
correlation coufficient betveen Bi and Ei wes caleculated and two
regression lines fitted by the least-squares technique.& Since both
Bi and Ei arc aryiected by price adjustments (the foreces which bring
about the imwlied relationship between these two parameters), the
true relationsiilp belween Bi and Ei lies between the line obtained
by the regression of Bi on Ei and that obtained by regressing Ei ot
B, . Table 6 presencs the results of the analysis.

The data in Table & are consistent with the hypothesis. The
relationship between Bi and Ei ig significant in both periods (a

correlation cecf<icient of 6.26 would be significant at the 17

level). Moreover, the true line which relates Bi to ni appears to

8For the early period tle parameters were estirasted in the
manner described ecarlier. For the second period o different measure
was weed for (I) in estimating the B, paraneters. The index acopted
was Joody's z0U-cormon stoc. index; yearly figures were basad on
annuel aversces of the weelly level of the index. Data are given in
toody's Industrial tlhnual, (Hew Yori: Moody's Investors Service,
LO4C-1300 5 .




Table €

RELATIONSHIP BrRTWEEN Bi AITD Ei FOR

96 TDUSTRIAL COMMON STOCKS

1940-51  1946-59

Correlation coefficient

between Bi and, Ei ............. e 0.511 0.263
Value of bi when Bi e
(1) Based on regression of Byon By ooonnn 0.942 0.934
(2) Based on regression of Byoon By eoennnn 1.122 1.133
(3) Arithmetic nean of (1) and (2) ........ 1.032 1.03%
L4
9

cut the average-yleld axis at nearly the pure interest rate.
Another implication of the theory concerns the relationship
between Qi and Ei. In equilibrium, the averege yleld of a seecurity
should depend entirely on its Bi parameter: there is no necessary
reason Tfor correlation between the sverage yield of a securilty and
its Qi parameter. Nonetheless, since the security warket 1s not

always in equilibriuwm, the value of Qi may influence the yield of a

security; if a security becomes undervalued, the rapidity with which

9One nethod for fitting a stralght line to data under these
circumstances was proposed by Abraham iiald, "The Fitting of Straight
Lines if Doth Variables Are Subject to Error," The Amnsls of Mathe-
wmatical Statistics, XI (September, 1940), 284-300. When applied to
the data of tne 1040-51 period, wald's method gave a regression line
which intersected the F-axis at a valne of 1.055.




its price will increase depends on the extent to which investors
will wish to add it to their portfolios. We have shown that the
larger is Qi, the sraller will be the amount of such a security
ineluded in efficient portfolios; thus securities with high Qi

parareters will move more slowly toward equilibrium, csusing an
observed positive correlation hetween Qi and Ei' In addition,

securlities for which Qi 15 high tend to have large values of Bi;

thus §, and Ei are likely to be related dve to the correlation

i
between B, and Ei' In spite of these factors, however, the corre-

1
lation between Bi and Eirahould prove more significant than that
between Qi and E15 a conbrary finding would clearly be inconsistent
with the theory.

The evidence of the two periods is contradictory. In the
first period, the correlation between Qi and Ei exceeded that
between B, and E, -- the simple correlation coefficlents were 0.667
and 0.511. On the other hand, the data fyom the second period were
consistent with the hypothesis; the simple correlation coefficient
between Bi and Ei was 0.263, more than twice C.130, the coefficient
for the correlation between Qi and Ei'

Tew conclusions can be reached from the evidence vresented
in this section; although the majority of the dats proved to be
consistent with the theory, one impoertant set clearly contradicted

one of its major implications. However, these data indicate that

it would be premsture to reject the theory at this time; extensive

Ly



emplrical tests are reguired in order %0 assess its true value as a

tool of positive ccononics.



yI. CONCLUSIONS

This dissertation has presented a sluple model of the
relationships among securities and examined its role inm both
positive and normative applications. This concluding chapter very
briefly reviews the major conclusions to be drawn from the study.
As indicated in the previous chepters, & nuber of the conclusions
rest on the resulte of extremely limited testing; a few have not
been subjected to any tests uwtilizing indeperndent data. For these
reagons the statements contained here must be considered extremely
tentative and are best viewed as hypotheses which appear worthy of
further tests. With these limitations in mind, we jay recapltulate
the major findings of the study .

One of the major adventages of the diagonal model is the
gimple form in which the associated portfolio-analysis problem can
be stated. This simplified formulatien greatly reduces the cost of
applying the Markowitz technique; the machine program developed a8
part of this study is able to perform a complete portfolio analysis
of 100 securities for a total cost of §5. Such a low figure greatly
increases the probability that the velue of portfolioc analysis will
exceed its cost.

Two normetive applications of portfolio analysis have been
examined. The first investigated the value of objective prediction
techniques. It appears that when such techniques are utilized,
portfolio analysis using estimates of the parameters of the diagonal

model is not significantly inferior to an analysis which uses &
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complese set ol cstinates of the varioances and covariances among
securities; anl sluve the lorner is mach less expensive, it is
likely to be the prelershle tecinique. In general, obective
prediction teclhigues are litely to prove valuable iy a suificlently
larze anuasber ol securities (several tundred) are analyred.
ETicient portlolios obtoined in this manaer appear to bhe as
desireble as lar;e portfolios of securities selected at randon:
those with sinilar cverase vields will, in general, have similar
standerd devictions ol vield. ‘oreover, objective prediction
techniques are litely to be superlor with reazpect to one importaent
cheracteristic. It appears to be possiltle, with the Markowite
tecinique, to predict witi sone aceuracy the dejree of conservatiom
ol tre elvicient portiolios: raniings based on predicted stondard
deviation of vield agree quite well with those based on actual
sbandard deviastion of yield.

The second normative application of the technique concerned
tie easibility of using the Markowitz tezhnigue with subjective
predictiona ol security performance. Ti.e experinent deviged Tor
this test indicated tl.at o substantinl amount of quentitative
information concernin: the predictions of an investment counselor
could be obtainel for use in a suvsequent portlolio anelyois.

Wnile it is lizel: tiat tie cotinmates obtained lor tils vurbose will
contain so-e errors coacerniag tlhe magnitudes ol differences among
securities, tlese errorc will be o little consequence fa 0,

aulUiciently large awsber ol securities are analwzed. However, Lt



1¢ unlikely that portiolios chosen with the portfolio-analysis
technigue will prove to be martedly superior to those chosen by an
experienced investaent analyst without benefit of the technique.
Me practical value of the analysis probebly lies in the division
of labor 1t lacilitates between the security analyst aond less
specialized investment advizors.

Although normative applications of the Markowitz approach to
portiolio analysis vemain of interest, its greatest contribution
mey be in the Tield of positive economics. The theory of security
market behavior developed in this study appears to have considerable
predictive value. While more sophisticated models will undoubtedly
exhibit greater empirical validity, it scems Tikely that the best
theory of security market lLehavior will be developed, as was this
one, from the assumption that investors seek o maximize cone
ubility function. The Markowitz formulation represents he process
of investment selection in just such terms; Tor this reason it is
likely to be a na’or element in fubture successiml theories of

security mariet behavior.
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APFENDIX A

PORTFOLIO ANALYSIS WITH THE DIAGONAL MODEL:
THE SOLUTION TECHNIQUE

This appendix presents & gsolution technigque for the portfolio
analysis problem associated with the diagonal model. Markowitz's
eritical line methodl is used for the computations with the special
characteristics of the diagonal model taken into account in order o
simplify the procedure. The presentation follows Markowitz in order
to facilitate comparison. A1l vsriables not defined in this
Appendix have the meanings assigned in Chapter ILI.

1. Basic Inputs

In Markowitz's presentation, (n} represents the total number
of securities, both real end artificiael. For convenience we will
use (n) to represent the number of actual securities, letting the
(n+1)Bt security be the market index; thus all metrices and vectors
will be of size (n*l).

We begin with the matrix of covariances, C. This will be an
(n+1) by (n+l) matrix with zeroes everywhere except along the main
disgonal, where the Qﬁ's will be found. Thus, if cij represents
the element in the it row and jth eolusn of C:

cij = Qi if i=

e, =0 if 1 # ]

The next input is U, the column vectar of expected returns.
This vector has (n+l) elements; u,, the ;P8 e1ement, equals A, the
fiyrst parameter in the basic equation of the diagonal model.

1Markowitz, Portfolio Selection. . . , PP- 172-186.




Another set of inputs specifies the constraint equations. A
is & 2 by (n+l) matrix and b a two-element vector. The constraints

are:
AX = D.

The first row of the A-matrix is used to require the sum of the
amounts invested in the first n securities to equal one. let alJ
be the element in the j'° column of the first row of A, and b, the

first element in b. Then:

= =
alj 1 if J=&n
81,041 T 0
b1 = 1.

The second row of A is used to define Xn+ The elements take the

following values:

ll

= B if =n
5 = P J
82 n+1 -1
b, =0

2, Matrices Used in The Computation

The critical line method requires that the basic inputs
described in the previous section be combined into new meirices.
This section describes the formation of these matrices and specifies
their elements,

The basic matrix in the computation is M, defined as follows:



M is an (n+3) by (n+3) matrix. Let m; be the element in the 4 th

row and jth column of M. ‘Then from the conditions specified for
¢ and A:

mij = Qi for i = j & ntl
mn+2,j =1 for j=n
mh+5,j = Bj for j&n
B3 el © T
mi,n+2 =1 forisn
mi,n+3 = Bi for i 2n
mn+l;n+5 -

All other elements are zero.

R is an (n+3) element column vector. Its first n+l elements
are zeros, the last two are those of the vector b, If r, is the

element in the ith row of R:

ri =0 for i 2 n+tl
rn+2 =1
rn+5 = 0

S is another (n+3) element column vector. Its first n+l

elements are those of the vector U; the last two elements are zero.

If 8; is the element in the ith row of 8:

¥2}
i

Ai for i & ntl

0 for i? ntl

0
i

These three matrices are summarized in the following diagrams.
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3. Inverting M

In each step of the critical line method a new metrix, fif, is
formed by replacing some of the positive values of M with zeroces or
ones; this is followed by the inversion of M. In this eection we
develop equaetions for inverting M for the general case in which all
elements which can teke on non-zero values in M are also non-zero in
M; the results can then be applied to any M formed in the analysis.

et vi 3 be the element in the ith rov and .jt’h column of the

inverse of M. Then the values for column j of this matrix can be
found by solving the n+3 simulteneous equations:

- r
! Yis | 1213 |
VQJ ’ | z.',‘,‘j
V3 %33
M - = -
‘ny "nJ
vn+l,JL i z"n+l_,.ji
" Vnso, 5 P2,
v a . 2
= n"’Z’,‘j_j L__n"'Buj_l
Where: zij =1 if i =}
and 2y4 = 0 if 1 # 3

In order to account for the possibility that values mey be
made zero when M is converted to M, we need to replace the values of
the (n+2)nd row end column with more genersl terms. We shall let D
represent the element in the k' column of the (n+2)nﬁ row (and,
therefore, also, the element in the (n+2)nd colum of the k' row).
In eddition, we will use the symbol B 4y Tor Bo43, 041 (= mn+1,n+5)

to account for the possibility that these values might become zero.

K



With these changes, the equations for the elements of the

jth column of the inverse of‘ﬁ'becomss:

Row n n n
Column» 1 . . . . . . .1 + + +
L 2 3
i — 1 1
L % D B | vy | (513 i
% | I | e
i I : ! P
X ' | oy '
~ v i I
h | | o i |
N ) | .
~ ‘ | ! ! 1 '
N 1 1 - l | |
R 4 | 2 . ]
’ % o om s ey
] P :
Bl Qn+l Dn+l Bn+1; ;vn+1,Ji %zn+l,33
n+2 ! Dy Dp- - - - --Dpyy O o . ivn+2,32 Ezn+2,jg
| B | |
m3 B B - - - - Baa O O | ey | #43,9

The first n+l equations are:

Qviy * Divnez, ) ¥ BiVme3,§ = 21

QVoy * Davpaa, g * BaVne3, s T ey

Qn+1Vo+l,j F Dp+iVme2, 3 * Bp+1Vn+3,§ = En+l, )
Fl

Rewriting:

g = zlj/Ql - (Dl/Ql)vn+2,j - (Bl/Ql)vn+3,J
Vag = zaije - (Da/Qa)vn+2,3 - (By/9). 3, 4

Yatl,3 ° zn+l,j/Qn+1 - (Dn+l/Qn+l) Vne2,3 (Bn+l/Qn+1)vn+3,j
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Equation nt+2 is:

+D

Dlvlj + DEVEJ ¥ wow g n+1vn+l,J = Zn+2,.j

Each of the vij
) , . "
expression in A and Vit3, 3 by substituting the first (n+l)

elements in this equation can be replaced with an

equations. The resulting equation is:

' = (p21) M1 / "
] Dy, w2 D7) . n#l /D3, | .
= T :_—;:’ =y L_-" ; i
St = L B SRR T U

Since z,, equals zero if i # j and ) otherwise, the first term is

o
 simply equal to (DJ/Qj). If j is between 1 and n+l; when J = (n+2)
or (n+3), this term becomes zero. letting:

n#l D2
(A1) L=, g
is1 %
n+tl D.B
T gty
(A2) N=
S Y

The (n+2) equation can be written:

D
i -
g, Wove,s ~ Wnes, s

Zn+2:j -
Note that the values of L and N are the same for every column of
the inverse. Rewriting egquation (n+2) to express vn+3 5 as 8

i
function of v 32 we have:

n+2,
1%

L
(43) vn+5,j N *LQJ. - zn+2,.j N (vn+2,,j)

The (n+5)rd equation is:

Blvlj + 32v2j + .00 * Bn+lvn+1,j = Zn+5,J



1k

Again we substitute expressions in o +2,] snd vn+5’ 3 for the vy 3

elements.
3 o ¢ \ i 2
I Y b U N
£ ' = & fa j = £
n+3,J 4 \Q‘i ; i '\Q'i | n+2,8 1,04 ‘Qi} n+3,

Since z,, equals 1 when i = § and zero when i #), the first term is
nerely BJ/Q.J when j is between 1 snd n+l; 1f } = n+2 or n+3, this
term becomes zero. The second term has already been defined as N
(Bq. A2). letting

(Ak) h P= ;. &

This equation can be written:

B.
z =

Wov2,5 ~ Fnes, s

Substituting Eq. (A3) for the value of Vpaz, 30 Ve have :
¥

[ D

e P4
(85) Vn+2, 3 -L’L _ Ng] [zn-l-j,j R {\ Q,j

This completes the solution of +he set of simultaneous
equations. The steps required to find the value of any element in

-i‘l]
%

) Zn"'a:j

column j of the inverse of M ere:

8. Compute the values of L, N, and P according to
equations (A1), (A2), end (Ak). Note that these
values need to be camputed only once for a
particular M.

b. Ccmpute the value of v according to formula

(45). BHhEsd

¢. Compute the value of v_ . by substituting the
value calculated in (o} Iado Eq. (A3).

d. Compute the values of desired glements in the
column. The element in the 18 o of column
j has & velue given by the formula:



(a6) v

19 - (B,/Q))v

= zi,j/ Q - (0 /8 ) n+3,

n+2, j

L, The Equation of & Critical ILine

A key element in Merkowitz's solution technigue is the concept
of the critical line. Any portfolio can be characterized in terms
of the securities which it contains (these securities are "in") and
those which it does not contain (the latter are "out".) The
preliminary steps for computing & critical line are:

a, For each security which is "out", replace all
elements of the appropriate row and columm of
M with zero, except the element at the inter-
section, which becomes one. (This process is
called replacement with a "unit cross”.) The
resulting metrix is M,

b. Replace all elements of (S) corresponding to
securities which are "out" with zero. The
resulting vector is (S).
The equation of the criticel line is then:
x}a e o
[». M)~1r + () 1st
where X represents an (n+l)-element vector and A the two-element
vector [Alx,;,.

The equation for the critieal line is quite simple with the
diegonal model. The term (M)'lR becomes:

B

—

()™

QO Cas» o o » [w}

r
o
-
i



The product is the (n+2)ncl coluzmn of the inverse of M. Iet T be an
(n+3)-element column vector equal to (M)"lR. Then the equation of

the critical line becomes:

X -1z
[A] =7+ (ff) By
th
and, if ti is the 1™ element of T:

Yy 5 V4onen

The elements of T can be shown to ber
( Di ) (Bi ) :
= Kl ff; + K, GE for i from 1 to ntl

tpip = 7K

tn+3 = -K,
where: _
Kl :["—""}-I-—-ﬂ-—-mw [2
PT (1) i
and .
l1-KL
kel
2 N

The remaining vector of the equation can also be sumarized.
let: s =

o ]
U= (M) 8

Tt can be shown that the elerents of v, are:

3
A D B
3 L

%Tg T o Kl(-@;: *Ke'o.)

Di Bi
- | +¥ |.= £o3 : -
SAB K3 Qi }14 ) or 1 from 1 to .

[T

% n+l

S Le



Where!

17

Wao = K Bap * K5 Spp
Yy = Ko Spp ¥ K5 Spz
Ky = ==
PL - N°
5t
K =-%
n+l AiDi *
S . = R (for all i which are "in'")
AD T A~ Q
j=1 3
n-l;l AiBi
Bag = 2. — (for 211 i which are "in")
i=1 Qi

%. Obtaining Corner Portfoliocs

The major steps in the critical line method for portfolic
analysis follow.

B

Ce

d.

Select the security with the highest expected
yield (ties are broken arbitrarily). This is
the first corner portfolio.

Campute the critical line of the portfolio for
which this security is "in".

Compute the value of at the intersection of
this e¢riticel line and every critical line
associated with a partfolio for vwhich this
security and one other are "in". The portfolio
vhich gives the highest value of 7“E is the
second coyner portfolio.

Compute the value of g at the intersection of
the critical line assoclated with the new port-
follo and:

1. each critical line essoclated with & port-
folio which ineludes all but one of the
securities which are in this portfolio, and

2, eaech eritical line associsted with a port-
folio which inecludes all securities which
ere in this portfolio plus one edditiomel
security. ‘



e. The portfolio which gives the highest value of
Mo (1ess than thet found at the previous inter-
géotion) is the next cormer portfolio.

£« IL s 0, the solution is canplete. If not,
repeft steps (d) through (e) using the new
corner portfolio.

This section derives the formulee from which the intersections
of critical lines cen be computed.

Trtersections of the type described in step (d1) are easily
computed. From the equation of a eritical line:

X, =ty o+ Wyhy

The value of )‘E at which the :'.lGh security drops out of the port-
folio can be found by setting Xi = 0:

= =S,

Intersections of the type described in step (82) are somewhat
more difficult. let the formula for the eritical line associated
with a portfolio for which security K is out be represented by:

o~

i [x] =R+ 9y

and the formule for the critical line associated with a portfolio
containing the same securities plus security K be represented by:

W [}}E]=R + s’KxE.

Since the vector R is the same in both cases, we have:

i [£]- 8- 5 (1] 0



[

At

Rewriting: '

o[- 9]

But ’SVK is merely the vector S except that instead of a zero in the
% ooy, S, has the value A . Thus the vector [8 - &) has zerces
in every position but the k¥ row, where the value of Ak appears.
MK is merely M with the unit cross of row and colum k
replaced with the values originally in M. We can disregard all rows

but the kth since they give us no information: each will have an

element in the kth colwm only, 81l others being zero. It can be
seen that each row but the kth thus reduces to the equation:
0 . xk = 0,

th

Consider the kP row of the matrix [ - ¥ In Hall
elements of the row are zero but the element in the k.th column,
which is 1. In MK all elements of the row havehthe originsl values
from M. Thueg, except for the element in the k colum, &ll
elements heve the velues of the kth row of M; the element in the
th colunn is merely the original value less 1. The equation for

the kth row becomes:

‘Emkl; m};e’ % el e ’(mk,k- l): A mk’n+5,] {i]ﬂ AKKE

But the intersection of the two critical lines must be on the
initial line, so we can insert the solution for the initial line in
place of the vector:

[mkl’ L A mk,n+5} ET * U"E}‘"’ Ay

Solving for the value of ).E:



Jmk_l, Weps » ooy g =1}, 00 ,mk,nﬁ] T
Mg A -[mkl, CENE e l),,,mk,n+3] i}

Fram the properties of the diagonal model we know that o through
are all zero except and thus can be disregarded.

mk,n+l £ mk.k e

Further, the k™ element of T and the k' element of U are also

zero sinece X‘k is out on the critical line for which T and U aye

calculated. Thus (mkk - 1) can also be disregarded. The formula

for J\E thus becomes:

1nk,n+2 tn+2 * mk,n+j’; 1"n+3

e - A - T nk2 Ynen T T nes Yy

We can simplify the formuls a little further. Since only
the addition of real securities willl be considered, k will range
from 1 to n. Thus Wy e = 1 for all k to be considered. Similarly,
2
mk,n+5 = Bk Thus the formula simplifies to:

nto * By tpes

(AT) RE""Ak_u
n

+2 ~ "k Yn+3

Formulee (A6) end (A7) complete the solution technique.
Appendix B describes s computer program which uses this method.



APFENDIX B
THE DIAGONAL MODEL PORTFOLIO ANALYSIS CODE

This appendix describes a machine program, written in the
FORTRAN language, for performing portfolio analysis based on the
disgonal model, using the solution technique described in Appendix
A'

The inputs required by the program are!

1. Title card: any valid Hollerith characters,
(blanks included) in columns 2 through T2.

5. One card indicating the number of securities (n}.
Punching should be in colums 1 through 5, with
the nurmber right-justified and no decimal point
included.

3. One card containing information about the index
used for the problem.

Coluns 7-35: name of index: any valid
Hollerith cheracters, olanks
included.

Columms 40-49: expected value of the index

(An* }. Decimal point must

be lﬁcluded.

Columns 60-69: variance of the index (@

n

¥e
Decimal point must be inci%ded.

leave a1l other columns blank.

4, (N) cards, one for each security to be considered.
Fach card must contain the following information:

Colurms 7-35: name of security: any valid
Hollerith characters, blanks
included,

Columns 40-b9: (A,) parameter for the security.
DeCimel point must be punched.

Colums 50-50: (B,) parameter for the security.
Dedimal polnt must be punched.

Columns 60-69: (Q@,) parameter for the security.
Deéimal point must be punched,

ieave all other columns blank.



The outputs from the program are:
1. Data listing

a, Title of problen
b. Input data
1. Lists all inputs
2, Assigns numbers (in order) to
gecurities for identification
of the remainder of output.

2. Corner portfollo characteristics: each corner
portfolio appears on a separate page, with the
highest-yield portfolio first. Each such page
containg the following information:

a, Corner portfolio number
b. Portfolio characteristics
1. E: expected yield
n, S8TD DEV: standard deviation of

yield
%, AV/AE: slope of E-V curve at
this point

¢. Portfolio composition -- The amounts of
each of the N securities entering the
portfolio are shown in tabular form.
The left-hand column gives the first
digit of the security number; the top
row gives the second digit.

The only restrictions on the program concern the number of
inputs. No more than 1,999 securities can be analyzed in one run.
Running time will depend on the number of corner portfollos: an
expected value is 30 seconds per 100 securities. #or safety, a
planning factor of one minute per 100 securities is recommended.
A listing of the FORTRAN source program follows.



100
101
102
103
104
105
106
107

108
109

200

201

203
210

300

DIMEISION A(2000),B(2000)},4(2000),ABAR(2000) , DBAR(2000),

1 Bmm(zooo;,zmour(eooo),x(eooo),'r(eooo),u(eooo)

FORMAT (15

FORMAT {1I0I3, 34l - 3F10.5)
FORMAT (4U4EO HO OECURITY A

1 251 B Q )

FORMAT (1HOI10,5¥,10F10.5 )

FORMAT ( hOKL PIRST CORMER PORTFOLIO )
FORMAT (23110 E=I'10.5,

1 23H STD DEV=F10.6,

2 2cH DV/DE=F10.6)

FORMAT (72ill

1
FORMAT

~0H1 CORNER PORTFOLIO NUMBER I3 )

FORMAT ( LOIL LAST CORNER PORTFOLIO )
FORMAT ( LUHOSECURITY NUMBER 1 2, 3

1 G2H I 5 6 b B8

2 30HO 10 )

READ INPUT TAPE 5, 106

WRITE OUIPUT' TAPE G, 106

READ INPUT TAPE 5, 100, HSEC

NP1 = NSEC + 1
NP2 = NSHC + 2
NP3 = HNGIEC + 3
NMB = 1

WRITE OUTPUT TAPE 6, 102

READ INPUT TAPE 5, 101, M, A(NPL), B(NP1), Q(NP1)
WRITE OUTPUT TAPE 6, 101, M, A(NPL), B(NP1), Q(NP1)
DO 200 I = 1, HSEC

READ INPUT TAPE 5, 101, M, A(I), B(I), o(I)

WRITE OUI'PUT TAPE 6, 101, I, A(I), B(I), @(I)

B(NPL) = - 1.0

DO20L I=1, P2

ABAR (I) = A(I) / o(I)
BBAREI% = B(I} / Q(I)
IBAR(I) = 1.0 / Q(I)
DRAR (NP1) = 0.0

ZMAXE = 0.0

DO 210 I = 1, NSEC

B = A(T) + B(I) * A(WPL)
(B - Z4AXE ) 210, 210, 203
TMAXE = B

KMAXE = I

COMNTINUE

DO 300 I = 1, NSEC

ZINouT (I) = 0.0

ZIHOUT (KMAYE ) = 1.0
ZINouT (WP1) = 1.0

71, = DBAR (KMAXE)

7l = DBAR(KMAXE) * B{XMAXE)



410

420

%30
kLo

L60

hol
hée

= B{KRMXE)**2 / Q(KMAXE) + 1.0 / Q(1P1)
SI.MAD = AEKMAKE; * DBAR(KMA m;
SUMAD = A(KMAXE) * BRAR(KMAXE) + A(NP1) *BBAR(NF1)
1, WP3

(mm)
ZP*L-ZNH”)

/—-\i—‘
O

1.0 / zN
7KL = - (ZKI¥ZDL ) / 2N
ZK5 = - (ZK2 * L ) / @

ZKG = ZK3 + ZKh

T(NP3) = - ZK6

(P2} = ~ ZKL

U(NP3) = ZK6 * SUMAD + ZK5 * SUMAB
U(NP2) = K1 # SUMAD = ZKpo * SUMAB
ZIMAX = 0.0

KMAXP = IQAXE + L
KMAXM = KMAXE - 1

DO 420 I = 1, KMAXM
7L = (T(NP2)+B(T)*D(¥P3))/(A(T)-U(WP2)-B(I)*U(1P3) )
IF (ZLAM - ZIMAX) 420, 420, 110
ZIMAX = ZLAM
KCHG = T
CONTINUE
DO Lho I = KMAXP, NSEC
ZLAM = (T(NPE)-&»B(I)*T(NP_) )/{A(1)-U(wP2)-B(I)*U(NP3))
IF ( ZLAM - ZIMAX) 440, 440, 430
ZIMAX = ZLAM
KCHG = I
CONTINUE
ZLAME = ZLMAX
WRITE OUTPUT TAPE 6, 104
E=0.0
VAR = 0.0
DO WO I =1, NP1
x(x) '1'(1) + u(1) * ZLAME
= VAR + Q1) * X(I) **
E B+ (1) * A(T)
STDEV = VAR ** .5
ZOLAM = 2,0 * ZLAME
WRIT'E OUTPUT TAPE 6, 109,E,STDEV, Z2LAM
WRITE OUTPUT TAPE 6, 109
IND = 0
IPL = IND + 1
IF (NSEC - IND - 10) 462, 462, W63
WRITE QUIPUT TAPE 0, 105, o, (x(1), I = IP1, NSEC )
G0 TO 500



h63

499
500

T00

801

802

810

900
201

903
202

910

1 - SUMAD *

IP10 = IND + 10
WRITE OUTPUT TAPE 6, 103, IND, (X(I), I = IP1, IP10 )
IND = IND + 10
GO TO b6l
IF (ZINOUT (KCIG)) 500, 500, 600
71, = 7L + DBAR Excnc
7N = ZN + BBAR (KCHG
7P = 7P + B(KCIG)*¥*2 / Q(KCHG)
SUMAD = SUMAD « AEI{CHG; * DBAR(KCHG;
- SUMAB + A(KCHG)} * BBAR(KCHG

ZINOUT (KCIHG) = 1.0
GO TO 700
zL = 7L - DBAR EKCHG;
ZN z:u - BRAR (XCHG
A - B(KCHG)¥**2 / Q(XCHCG)
smmn = SWMAD - AEKCHG; % DBAR(KCHG)
SUMAB = SUMAB - A(KCHG) * BBAR (KCHG)
ZINOUT (I{CHG) 0.0
7K = 7P [ (ZP¥IL - ZN¥*2 )

= ZN [ ( ZP¥2L - 7% )
7ZK3 = 1.0 / 21

= sz&ﬂ*% ) / ZN

= ZKe * 2L ) / ZN
3+ ZKh
- K6
- ZK1.
ZKG % SUMAD + ZK5 * SUMAB
7K1 % SUMAD + ZK2 * SUMAB
DO 810 I =1, WPL
I (ZINOUT(I 5) 801, 8o1, 802
TEI} = 0.0
u(1) = 0.0
GO TO 810
T%I; ZK1* TRAR(I) + ZKG ¥ GBAR(I)
u(I) = ABAREI)-.:»{MAD* (ZICL*DBAR(I)+ZK6*BBAR(I))

gKo* DBAR(I) + ZK5 * DBBAR(I))

ounon

i
1
now noH §

CONTINUE

7IMAX = 0.0

KCHGX = KCHG

DO 950 I = 1, WSEC

1r (ZII*IOUTEIZ) 910, 910, 900

7LaM = - T(I) / U(I)

TF (ZLAM - ZLAME ) 901, 950, 950
7LAM - ZIMAX) 950, 950, 903

™ (I - KCHGX )} 902, 950, 902

ZIMAX = ZLAM

KCHG = I

GO TO 950

71aM = (T(ip2)+B(I)*T(wP3)) / (A(I) - u(np2) - B(I)*U(NP3))

Ir (ZI-‘AM - ZLAME ) 911, 950, 950

L5



911
913

-~

-

951

Qe
963
96k

970

Fyar

IF (2Léd - ZLMAX) 950, 250, 913

IF (T - KCilGX) 912, 9,0, 912

ALMAX = ZLAM

KCIG = 1

com I'UE

IF (ZIMAX ) 960, 960, 970

= 00

VAR = 0.0

DOOGL I =1, iPL

VAR = VAR + Q(I) * T(I) **2

=B+ T(I) % A(I)

STDEV = VAR ** .5

WRIZE QUIPUY TAPE 6, 103

ZPDQ = 0.0

WRITE QUIPUT TAPE &, 107, E, STDEV, 7ZPDQ
WRITE OUTPUT T4PE C, 109

IiD = 0

Pl = IND + 1

IF (NSEC -IND-10) 963, 963, 9Gh

WRITE OUTPUT TAPE 6, 103, IuD, (17(I), I = IPl, NSEC)
CALL LXIT

IP1O = LD + 10

YRITE OUIPUT TAPE G, 103, Inp, (T{(1), I - IP1, IP1O )
THD = IHD + 10

G0 TO 952

ZLAME = ALMAX

D = U+ 1

WRITE QUIPUT TAPE &, 107, NUMRE
= 0.0
R = 0.0

oL I =1, WPL

I) = T(I) + B(I) * ZLAMR
V.R = VAR + Q(I) * X(I)x*

E=B+ x(I)*a(I)

STDEV = VAR #% 5

ZoLAM = 2.0 * ZLAME

WRITE QUIPUT TAPE &, 105, E, 5TDEV, LA
WRITE OULPUT' TAPE 6, 109

1D = 0

TF1 - IUD + 1

I (NSEC - IUD - 10) 973, 973, 2074

WRITE QUEPUT TAPE 6, 103, LD, (X(1), I = IP1, i3LC )
G0 TO 499

IP1O = IHD + 10

WRITE OUTPUT TAPE G, 103, Iib, (A(1)}, I = I¥1, IPLO)
P = IHD + 10

G0 MO 972

EUD

REE™

Mo




AFPPENDIX C

COMPANIES INCLUDED IN THE SAMPIE OF INDUSTRIAL COMMON STOCKS

This appendix lists the 96 companies in the sample of
industrial common stocks described in Chapter III. A few of the
compenies hed more than one issue of cammon stock outstanding
during scme of the years of the period studied; in such ceses the
series used in the study is identified under "Remarks”, as are
events which affected the names of the companies studied.
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0

10
11

12
13
1k

15
16

A7
18

BNy REE

38

Company

Remarks

Allegheny Ludlam Steel

Allen Industries

American Bosch

Americen Car and Foundry,Inc.

American Encaustic Tiling

American Machine and Metals

American Rediator and Standard

Sanitary
American Woolens

Andes Copper Mining

Armstrong Cork
Barker Brothers (Md)

Blaw Knox

Borden

Borg Warner

Brown Shoe Company, Inc.
Canade Dry Ginger Ale
Celanese Corporation of
America

Century Ribbon Mills

City Ice and Fuel

Colgate Palmolive Company
Cammercial Solvents

Conde Nast Publications
Consolidated Voltee Aircraft

Continental Can
Continental Oil
Corn Products Refining

Curtiss Wright
Devoe and Reynoclds Company

Dow Chemical
Electric Autolite

1954: name changed to
ACF Industries

1958: merged with
National Gypsum Co.

1958: merged into
Textron, Inc.

prior to Feb. 1958:
capital stock, par $1l;
after Feb. 1958; Class B
stock, par $35

1958: merged into Barker
Brothers (RI)

1956: neme changed to
Century Industries
Company, Ine.

1949: name changed to
City Products Corporation

1954%: merged with
General Dynamics Corpora-
tion

1958: merged with Corn
Products Company

prior to Sept. 1959: @2
paxy Class A stock; after
Sept. 1959; $2 par
common stock



31

Commany

Remarks

Pureks Williems

Firestone Tire and Rubber
Flintkote Company (Mass.)
Food Machinery and Chemlcal
Corporation

Gaylord Container

General Mills, Inc.

General Tire and Rubber Co.
(Chio)

Gotham Hosiery

Guantanamo Sugar
Hazel-Atlas Glass

Holland Furnace

Inspiration Consolidated
Copper Mines

Tnterchemical Corporation
Interstate Department Stores

Johns Manville

Julius Kayser

5. 8. Kresge
Kroger

lerner Stores
Lorillard
Mack Trucks
Mertin-Parry

Melville Shoe
Mengel
Midecontinent Petroleun

Minneapolis Honeywell
Regulator

Motor Wneel

National Biscuit

Netional Malleable and Steel
Castings ‘

Natomas

New York Air Drace

Qliver

1954: name changed to
Wordell Corporation
1957: merged Into
Amersce Corporation

1955: merged into Crown
7ellerbach Corporation

1955: merged into Chad~
bourn-Gotham, Inc.

1956 acquired by
Continental Can Company,
Inc.

1958: name changed to
Kayser-Roth Corporation

1656: neme changed to
Ward Industries Corp.

1655: merged into
Sunray-Midcontinent oil
Company




63

6
65
67

63
69

T0

78
12
80

81

82
83
8L

85

Conmpany

13C

Remarks

Outboard Marine and lHanu=-
facturing

Pacific Tin Consolidated
Corporation

Porke, Davis and Company

Penick and Ford, Limited, Inc.

Pennsylvanie Coal and Coke

Prelps Dodge Corporation
Pittsburgh Coke and Iron

Pressed Steel Car

Reliance Manufacturing
Remington Rand

Ritter Company

Savagze Arms Corporation
Sheoron Bteel Carporation
Silver King Coalition Mines

Spear and Company

Sun 0il
Sweets Company of America,lInc.
Texas Company

Timken Detroit Axle

Twentieth Century Fox
Twin Coach
Unlon Bag and Paper

United Engineering and

Foundry Company
United States Freight

1956: neme changed to
Outhoard Marine
Corporation

195k: name changed to
Penn-Tg:zas Corporation
1959: name changed to
Pairbanks Whitney
Corporation

194k: name changed to
Pittsburgh Coke and
Chemical Company
1954: name changed to
U. S. Industries,
Incorporated

1955: merged into Sperry-
Rand Corporation

1953: merged into United
Park City Mines Company
19G0: neme changed to
Acme=-Hamilton Manu-
Tactoring Corporation

1959: name changed %0
Texaco, Inc.

1953: merged into
Rockwell Spring and Axde
Company
1958: name changed to

Rockwell-Standard
Corporation

1956: name changed to
Union Bag~Camp Paper
Corporation



Company

United States Rubber
United States Tobacco
United Stockyards
Warren Foundry and Pipe

Waukesha Motor

Western Auto Supply

Wilcox 0il

Wilson and Compeny

1. A. Young Spring and Wire

Zonite Products

Remnarks

195%6: name changed to
Shahmoon Industries, Inc.

1957: name changed to

Young $pring and Wire
1956: name changed to
Cherway Corporation



APPENDIX D
SECURITIES PROVIDED FOR THE SUBJECTIVE PREDICTION EXPERIMEINT

The appendix lists the 20 securities provided by an investment
counselor as part of the experiment described in Chapter IV. The
parameters of the diegonal model for each security are also showny,
as are the two parameters which deseribe the distribution of the
Dow~Jones Industrial Average. ALl values were computed in the
manner described in Chapter IV from estimates provided by the

investment ¢ounselor.
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llumber Security
1. Awerican Machine end Foundry
Common
2 American Telephone and
Telegrapl: Cormon
3 Armour and Company Cormon
Iy Beclanen Instruments Comnon
5 Corolina Power and Light
Common
6 Diamond Wational Comnon
7 i Paso Hatwral Ges Compnon
3 Florida Power and Li it
Commor
9 General Precision Equiprent
32,90 Preferred
10 Haloid ZAerox Comaon
11 Internetional Telephone and
Telepraph Conmion
1z Kerr icGee 01l Industries
Commaon
13 Morthern Pacific Common
ik Peoples Gas, Light and
Coke Common
15 Reynolds Metals Cormon
6 San Diero Gas and flectric
Cormion
17 Southern Californie Edison
Conmon
16 Toledo Edison Common
19 Union Alectric Comion
20 Universal Match Common
21 Dow~Jones Industrial

Average

Parameters of the

Diarmonel Model:

by By Q4

1.539 2.33k  0.297
L.uzk 1.279 0.088
1036 1505 5.150
L. 953 2,013 0.349
1.290 1.136 0.054
1:81Y 1.h73 0.143
1.409 1 132 0.103
1.297 1,520 0.120
1.553 2.4069 0.202
2.011 2,008 0.585
1.353 1.507 0.139
1.503 1.672 O 150
1.302 1.733 0.136
1212 1.098 (1.055
1.465 2,30 0157
1.3143 1.0 0.058
1.336 0. 340 0.032
1.326 1.150 0.067
1.304 1.103 0.058
1.40L 3.090 0.361
0.503 0.039

g



